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A Mathematical Method for Determining the Anisotropic Velocity of P-Wave 
Propagation and for the Seismic Location of Rockbursts 

By S. BUDAVARI, PH.D., M.Aus.I.M.M. * 

Summary.-A mathematical method is presented for determining the 
velocities of P-wave propagation when the anisotropy of the rock mass is 
characterised by an ellipsoidal type velocity law. The analysis is developed 
using measured seismic data obtained by firing charges of explosives at 
known locations in the rock and registered by a network of seismometers 
distributed around the mine workings. In the second part of the paper 
the already determined in-situ seismic velocities of P-wave propagation are 
utilised in the derivation of a set of simultaneous linear equations necessary 
for the location of the focus of an actual rockburst. 

INTRODUCTION 
One of the major hazards generally associated with deep level mining 

is the phenomenon of rockburst which is a sudden and violent failure of the 
rock in the vicinity of mine openings. For several years, intensive research 
has been carried out into the causes and the nature of rockbursts. The 
statistical analysis of empirical data, the study of rock properties and the 
seismic location of the foci of rockbursts have been used to enhance the 
basic understanding of the mechanism of rockbursts (Ref. 1). 

In this search, the application of seismic techniques to locate the foci 
of rockbursts with respect to the underground workings is particularly 
important. Although several research centres and large mining companies 
(Refs. 1, 2, 3 and 4) built recording equipment and carried out field ob­
servations, most of the pUblications on this subject is due to Cook. Cali­
bration measurements conducted underground in homogeneous massive 
quartzites by Cook (Ref. 1) showed that 90% of the seismic paths had veloci­
ties between 18.1 and 18.9 ft./millisec. Under these circumstances the 
assumption of isotropic propagation of P-wave velocity was justified. 
However, preliminary analysis of the field observations recorded by Bhatta­
charyya (Ref. 5) at Kolar Gold Field in India indicates that the velocity of 
P-wave propagation is directionally dependent. Anisotropic behaviour 
with an ellipsoidal distribution of moduli was also found by Douglass and 
Voight (Ref. 6) and Peres Rodrigues (Ref. 7) to be a characteristic of several 
granites. When such anisotropy is significant, it may be necessary to apply 
a method of analysis to the location of the origin of a rockburst which 
takes into account the anisotropic velocity of a seismic wave propagation. 
I t is the purpose of this paper to describe a mathematical method which 
can be used to determine this inherent rock property and to locate the focus 
of a rockburst in an idealised anisotropic rock. 

In the context of this paper the network of seismometers distributed 
in that region of a rock mass where a rockburst is to be expected to occur 
can serve a dual purpose. First they can be used to register the times of 
arrival of a seismic event initiated by firing a charge of explosive at a point 
of known location. If the initiation time of the blast is also obtained from 
the recording of a seismometer placed very near the blast location, then 
the in-situ velocity of the P-wave propagation can be determined by the 
general analysis to be described. The second purpose of the seismometers 
is to register the times of arrival of the P-waves in case of an actual rockburst. 
From the recorded data, using the already determined seismic velocities, 
the co-ordinates of the rockburst focus can be easily calculated. It is 
assumed in what follows that the variation of the velocities of P-wave propa­
gation around a point are governed by -an ellipsoidal type of law and that 
these velocities are uniform in their respective directions. Because of the 
law accuracy of recording the time of arrival of the S-wave on short distances 
involved, the time of arrival of the P-wave is used only in the analysis pre­
sented here. 

DETERMINA nON OF THE ELLIPSOID OF ANISOTROPIC 
VELOCITY 

In order to obtain the necessary information from an experimental 
investigation it is required to record the initiation time of a blast and the 
corresponding times of arrival of the P-wave at the individual seismometers 
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in the network. From these data the time interval for the transmission of 
the seismic event through the rock to each of the seismometers are deter­
mined. Then, knowing the co-ordinates of the blast point and those of 
the seismometers, the P-wave velocities along respective lines from the 
centre of the explosion to the individual seismometers are directly cal­
culated. If the network contains a sufficient number of seismometers both 
the magnitudes and. orientations of the principal axes of the ellipsoid of 
anisotropic velocity of P-wave propagation can be determined. 

Using the mine co-ordinate system as a basic frame of reference, let 
the co-ordinates of the blast point be denoted by 

(xo , Yo , zo) 

and those of the seismometers by 

(X"y"ZI); (X.,y., z.); ... (Xi,Yi,Zi); ... (xn,Yn,zn)' 

The distance d i between the blast point and the i-th seismometer is given by 

. ........... (1) 

Denoting the time of arrival of the wave by ti and the initiation time by 
to the velocity Vi to the i-th seismometer along the assumed straight seismic 
path is 

d i 
Vi=---

ti - to 
................................. (2) 

If lXi , Pi' Yi are the angles between a directed line and the x, y, Z axes of 
the co-ordinate system, the direction cosines of the line from the blast point 
to the corresponding seismometer are expressed by: 

Xi - Xo 
COS rLi = --d-

i 
- , 

Yi -Yo 
cos Pi = --d-. - , , 

Zi - Zo 
cos Yi = --d-, - ...... (3) 

From Eqs. (2) and (3) the equations for the velocity components of Vi 

along the x,y, Z axes respectively can be deduced: 

............ (4) 

If a new co-ordinate system, with its axes v x , V., v. directed parallel 
to the x, y, Z co-ordinate axes respectively, is introduced so that its origin 
coincides with the blast location, then the general equation of the central 
velocity ellipsoid in this co-ordinate system may be written as: 

a v x ' + b v; + C v; + 2jv. Vz + 2g Vz Vx + 2h Vx Vy - 1 = 0 ... (5) 

The unknown constants a, b, c, j, g and h can be determined by sub­
stituting the velocity' components, calculated from the actual measurements 
as shown above, into Eq. (5). The observations at each seismometer yields 
one such equation and for n seismometers the following set of equations 
is obtained: 

a v •• 2 + b v.,' + C v,.' + 2jv y• v z' + 2 g V z1 v xl + 
+2h v.I Vu - 1 = 0 

aV X2 2 + bv y .' + cv,.· + 2jv y2 v z • + 2gvz.vre.+ 
+ 2h v x • v y• - 1 = 0 

... (6) 

aV x i 2 + bV'lIi 2 + C-VZi2 + 2jVyiVzi + 2gvzivxi + 
+ 2h V xi V yi - 1 = 0 

aV,·n 2 + bv y ,! + cV zn ' + 2jv vn 'V zn + 2gvzn v xn + 
+2hvxn v yn -l =0 

Since the resulting set of linear equations contain six independent constants 
it is necessary to have six independent equations (n = 6), in order to deter­
mine the unknown constants exactly. The network must, therefore, con­
tain at least six seismometers which do not all lie in a common plane. 
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If more than six seismometers yield eq~y weighted observations, 
it can be shown that using the principle of least squares, the most probable 
values of the constants can be calculated from the normal equations: 

(~vz.4)a + (~v"," v.,")b + (~vz." v.,")e + 
+ 2(~v".· vv' v.,)! + 2(~V",3 v •• )g + 

+ 2(~V".3 vvi)h - ~vz." = 0 

(~vz.· v.,2)a + (~v.,4)b + (~vv.2 v •• ')e + 
+ 2(~vv,3 V.i)! + 2(~v". vv.' v •• )g + 

+ 2(~v". v •• 3)h - ~v •• • = 0 

(~v"'.· v,(2)a + (~tI.i· v •• 2)b + (~V •• 4)C + 
+ 2(~v •• VBiS)! + 2(~V"i v • .')g + 

+ 2(~v",. v.,vzt2)h - ~vs" =; 0 

(~V",.2 v •• voi)a + (~v.,· v •• )b + (~v., Vzj3)C + 
+ 2(~v •• ·v.,·)! + 2(~v""v.,v .. ·)g + 

+ 2(~V"'iV •• V •• )h - ~tI.iV" = 0 

(~v""S v •• )a + (~tI"fV'i' vs,)b + (~vz,.vs,a)c + 
+ 2(~v",. tlvl tI •• S)! + 2(~tlzl tI •• ")g + 

+ 2(~tlz.s vv, v.,)h- ~V"'i v •• = 0 

(~V",,8 v.,)a + (~vz' V.i 3)b + (~v"j V., vs,2)C + 
+ 2(~V"i tl y,' tI.i)! + 2(~v" .. v •• Vzt)g + 

+ 2(~tI", .. v.l)h - ~tI". tI •• = 0 

... (7) 

In Eqs. (7) the summations are carried out over the range from 1 to k, 
where k is the number of observations. As stated above, it is necessary 
<that k should be greater than 6. 

When it is possible to assign weights to the individual readings (Wi), 
'the normal equations become 

(~Wi v",,4)a + (~Wi V.i' v.;')b + (~w, v,,? vs.')e + 
+ 2(~w. tI"" tI., tis.)! + 2(~w. tI",3 tI.i)g + 

+ 2(~Wi V.,3 tlv.)h - ~Wi v",l = 0 

(~W,V".2 vy.')a + (~WiV •• 4)b + (~w,vv.' v s•2)c + 
+ 2(~Witl •• 3vs;)! + 2(~w.v""v •• 'v.,)g + 

+ 2(~w, v"".v •• ")h - ~w. v o,2 = 0 

(~w,V",'v'i')a + (~w,v •• ·tI •• ')b + (~W,v'i4)e + 
+ 2(~w.V.,vs.3)! + 2(~w.v".v •• ·)g + 

+ 2(~WjV".voiv.")h - ~WiV •• • = 0 

(~W.V •• ·V.iv'j)a + (~W.V •• 3Vzi)b + (~WiV.iv .• ,3)e + 
+ 2(~w. v.," Votl)! + 2(~w. v". v., vo• 2)g + 

+ 2(~wj v"'. v •• ' v •• )h - ~w. Vv. Vs• = 0 

(~w.V",.·v'i)a + (~wlv",.tI."v .. )b + (~W,tI".v.,a)e + 
+ 2(~,V".VslI)! + 2(~w.v".·v.,·)g + 

+ 2(~w.v".·v •• v •• )h - ~w.v".v •• = 0 

(~w,v",,8v.i)a + (~,v"iv • .')b + (~w.V",V.iv'i·)e + 
+ 2(~W.fJ"iV.i·VSi)! + 2(~.v".'v •• v •• )g + 

+ 2(~w. v".' v •• ')h - ~w. v"'. v., = 0 

... (8) 

Having obtained the values of constants a, b, e, !, g and h the general 
equation of the ellipsoid of anisotropic velocity of P-wave propagation 
is given by Eq. (5). 

ORIENTATION OF THE ELUPSOID OF ANISOTROPIC 
VELOCITY 

It is known from co-ordinate geometry (Ref. 8), that in order to cal­
culate the magnitunes of the principal axes of the velocity ellipsoid, it is 

necessary to determine the roots of the discriminating cubic: 
A3 - A2 (a + b + e) + A(be + ea + ab - !S - g2 - h') - e = 0, ... (9) 

where e = a(be - 1") - h(hc - !g) + g(h! - bg). It is shown in Ref. 8, 

that all the roots of this discriminating cubic are real. 
It can also be shown, that when the principal axes are taken as c0-

ordinate axes Eq. (5) transforms into 
AI ~. + An '12 + AlII ~. = 1 ..••...•..........•.. (10) 

In Eq. (10)- AI , All and AnI denote the roots of the cubic equation and 
~, 7] and ~ are the co-ordinates measured along the principal axes of the 
velocity ellipsoid. The index notation I, II and III is introduced here to 
distinguish between the reference number of seismometers and the prin­
cipal axes. 

The comparison of Eq. (10) with the normal equation of an ellipsoid 
yields the following relations for the magnitudes of the principal semi-axes 
of the velocity ellipsoid: 

VI = ~, Vn =~, VUI = VI/AlII ......... (11) 

The direction cosines of the principal axes, relative to the mine co- . 
ordinate system, can be determined by solving the following three sets of 
simultaneous linear equations for the corresponding values of I;, mj and 
n; the direction cosines: 

I; (a - A;) + m; h + ni g = 0 
Ii h + mj (b - A;) + nd = 0 
lig + m;/ + n; (e - A;) = 0 

where} represents indices I, II and III in turn. 

..................... (12) 

LOCATION OF THE FOCUS OF A ROCKBURST 

From the recording of the seismic signals initiated by an actual rock­
burst, the times of arrival of the P-waves and consequently the time inter­
vals can be determined. In this part of the paper the time intervals /)"t, 
denote the time lag between the. seismometer which first registers the seis­
mic event and each of the other seismometers in the network. The /)"t, 's 
are measured quantities and include /)"t1 which is introduced for mathe­
matical convenience, but its value will be taken to be zero. Using this 
notation the relative arrival time of the seismic event at the i-th seismometer 
can be written as 

t, = (tl + /)"ti ) •..•••••••••.•••..•••••••••••• (13) 

where tl is an undetermined quantity and denotes the transmission time of 
the P-wave from the focus to the first seismometer. It should be noted 
that in what follows the reference numbers of the seismometers must co­
incide with the order in which they register the seismic signals. Therefore, 
the seismometer being the first, second, third and i-th in registering the 
arrival of the P-wave are referred to by the suffixes 1,2,3 and i respectively. 
Although the analysis includes the determination of the riumerical value of 
t 1 , it is the ultimate aim to derive expressions from which x, ,y, and zc, 
the co-ordinates of the focus of a rockburst can be calculated. 

The equation of an ellipsoid referred to the principal axes of the velocity 
ellipsoid is given by Eq. (10). Replacing AI, An arid AlII by I/VI' , l/vn" 
and I/VIII" respectively, Eq. (10) takes the form: 

.................. (14) 

If it is required to represent the ellipsoidal travelling wave surface, Eq. (14) 
must be made to be a function of time. This is achieved by multiplying 
the semi-axes of the ellipsoid by t, the time variable. Eq. (14) then becomes: 

~2 7]' ,. - + - + - = t a •••.•••••••••••••. (15) 
VI' VIII VIII" 

Since the initial data are referred to the mine co-ordinate system, it 
is convenient to carry out the calculations using this co-ordinate system as 
the basic frame of reference. Consequently Eq. (15) has to be expressed 
with respect to the mine co-ordinate axes. This transformation is effected 
by the following equations: 

~ II (X; - X,) + mI (Yi -y,) +m (Zi - Zc) 
7] = III (Xi - Xc) + mIl (y, - Yc) + nIl (Z; - Z,) .••... (16) 
~ = IIlI (Xi - Xc) + mIll (y, - Yc) + nIlI (z, - zc) 

Insertion of Eqs. (13) and (16) into Eq. (15) and using the relations 
given by Eqs. (11) yields 

AI {II (X, - X,) + mI (y, - Yo) + m (z, - Z,)}2 + 
+ All {In (x. - xc) + mn (Yi - Yc) + nIl (Zi - z,)}" + 
+ AlII {IIlI (x, - x,) + mIll (y, - y,) + 

+ nIIl (z, - Z,)}" = (tl + /)"t,)' ...... (17) 

Geomechanics Journal, 1971 



THE SEISMIC LOCATION OF ROCKBURSTS-Budavari. 17 

When i = 1, dtl = 0 and 

AI {II (Xl - Xc) + mI (YI - Yc) + nI (Zl - zc)}' + 
+ All {III (Xl - Xc) + mIl (YI - Yc) + nIl (ZI - zc)}' + 
+ AliI {IIII (Xl - Xc) + mIll (YI - Yc) + 

+ nIlI (Zl - Zc)}' = t l ' ...... (18) 

Eq. (17) retains its original form when i = 2, 3, ... ,n. Taking the differ­
ence of Eqs. (17) and (18) yields 

AI {- 211 A, XC - 2mI A,yc - 2nI Ai z, + D, + 2G,} + 
+ All {- 21rr B, XC - 2m II B,y, - 2nIl B, Zc + E, + 2H,} + 
+ AlII {- 21IlI C, XC - 2mllI C,Yc - 2nIlI C i Z, + 

where A, 
B, 
Ci 

Di 
Ei 
Fi 
Gi 

+ Fi + 2I,} = (tl + dt,)' - t I ' ... (19) 

lr (x, - Xl) + mI (y, - YI) + nI (z, - z,) 
lrr (X, - X,) + mIl (y, - YI) + nil (z, - Zl) 

lllI (X, - X,) + mill (y, - YI) + nIIl (z, - Zl) 

= II' (X; - Xl') + mI' (Yi' - YI') + nI' (z; - Zl') 

III' (X; - Xl') + mil' (y; - YI') + nil' (z; - ZI') 

/rrr' (X; - Xl') + mIll' (y; - y,') + nllI' (z; - Zl') 

II mI (XiYi - XIYI) + II nI (X, z, - Xl Zl) + 
+ mI nI (y, z, - y, Z,) 

III mIl (x,y, - XIYI) + III nIl (X, z, - Xl Zl) + 
+ mIl nIl (y, Z, - y, Zl) 

1111 mIll (X, y, - Xl YI) + lIIl nIlI (X, Zi - Xl Zl) + 
+ mIll nIlI (y, Zi - y, Z,) 

After further simplification and rearrangement Eq. (19) takes the form: 

where L, = AI II Ai + All III Bi + AlII lIlI C, 
M, AI mI A, + All mIl B, + AlII mIll C, 
N, AI nI A, + All nIl B, + AlII nIlI C i 

Ki AI (Di + 2G,) + All (E, + 2Hi) + AlII (F, + 2I,) 

When i = 2, 3, 4 and 5 Eq. (20) yields four linear equations with 
four unknowns 

2L. XC + 2M.yc + 2N. ZC + 2dt. tl = K, - (dt.)' 

...... (21) 

Since the three-dimensional network has been assumed to contain 
at least six seismometers, it is possible to obtain a least squares solution 
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for the location of the focus of a rockburst. In the case of equally weighted 
observations the normal equations replacing Eqs. (21) are 

(:EL,')x c + (:EMi L,)yc + (:EN, L,)z, + 
+ (:Edti L,)t l - i:ELi{K, - (dt,)"} = 0 

(:EL,M,)xc + (:EM;)yc + (:ENiM,)z, + 
+ (:Edti M,)t l - i:EM, {K, - (dt,)'} = 0 

(:EL, N,)x c + (:EM, N,)yc + (:EN,')zc + 
+ (:Edt, N,)t l - t :EN, {K, - (dt,)'} = 0 

(:EL, dt,)xc + (:EM, dti)Yc + (:ENi dti)z, + 
+ {:E(dt,)'}tl - i:Edti {K, - (dt,)'} = 0 

... (22) 

For unequally weighted observations, the appropriate normal equations 
can easily be written down by following the procedure used for deriving. 
Eqs. (8) from Eqs. (7). 

CONCLUDING REMARKS 
As was stated earlier, the foregoing analysis is based on the assumption 

that the homogeneous rock mass is characterised by an anisotropic P-wave 
propagation with an ellipsoidal velocity distribution. It is obvious that a 
reliable location of a rockburst focus can only be obtained if this anisotropic 
behaviour is constant throughout the regions of the rock in which the velocity 
ellipsoid is determined and the rock burst phenomenon is observed. If the 
stipulated condition is satisfied then the application of the above analytical 
approach, due to the acceptance of the ellipsoidal velocity distribution, gives 
a flexible and a useful description of this anisotropic properties of rocks. 
In order to investigate the accuracy of the location of a rockburst a further 
application of the analysis presented is under consideration to the study of 
a number of important factors regarding the spatial distribution of seismo­
meters and the effects of fractured rock around mine excavations on the 
velocity of P-wave propagation. 
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