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COMPLEX FLOW THROUGH POROUS MEDIA—Trollope, Stark & Volker. 1

Complex Flow through Porous Media
By D. H. Troirorg, M.Sc., Pu.D., F.LE.Avust., K. P. STARK, B.E., B.EcoN., M.I.LE.AusT. and R. E. VOLKER, B.E., PH.D., GraD.L.E.AusT. *

1.—INTRODUCTION
1.1 General:

By definition, a porous medium is an assembly of solid particles or
grains which encloses a system of interconnected voids through which
a fluid may flow under the influence of an appropriate pressure gradient.

Such media are therefore particulate in nature and any attempt to
describe their internal geometry in detail is fraught with virtually insur-
mountable complexity.

As a statement of boundary geometry is essential to all solutions in-
volving theoretical mechanics, the prospect of representing exactly the
flow of a fluid through such a medium is remote.

In common with other problems involving the transport of physical
phenomena such as heat, force, etc., through real materials a remarkable
degree of success has been achieved during the past century or so by com-
pletely neglecting the complexity of internal geometry and adopting the
concept of the equivalent continuum.

It is presumed that a representative sample of this continuum can be
obtained and subjected to testing to ascertain average values of these proper-
ties which govern the particular behaviour under consideration.

In the case of flow through porous media Darcy (Ref. 1) is credited with
being the first person to adopt this approach in his well known experiments
involving seepage flow through a variety of sand samples which led to the
identity now generally known as Darcy’s law—

V==~ti
in which V = the superficial or average seepage velocity,
k = the coefficient of permeability in the direction of flow,
i = the (negative) total piezometric head gradient.

Slichter (Ref. 2) indicated that Eq. (1) did not hold for relatively high
values of V. Slichter was particularly interested in the influence of pore
geometry on the onset of turbulence and it became generally accepted
that Darcy’s law is only applicable when the flow is laminar and breaks
down on the onset of turbulent conditions.

Since that time a number of attempts have been made to develop im-
proved relationships to describe flow through porous materials. They fall
generally into two categories. First those which are an extension of
Slichter’s approach in that they seek to use idealised physical models to
describe the fluid behaviour in the pore space and second those which are
of the continuum type but employ mathematical expressions more sophis-
ticated than Darcy’s law to describe the flow through an “ element ™.

The first group may be further subdivided into the capillary theories
and the hydraulic radius theories. Both find their origin in classical pipe
and channel flow mechanics. The capillary theories assume that the pore
space of a porous medium may be represented by a series of straight capillary
tubes and the flow is assumed to be governed by the Hagen-Poiseuille
equation. Examples of the use of this approach are given by Adzumi
(Ref. 3), Childs and Collis-George (Ref. 4), and Marshall (Ref. 5).

The principal objection to the extrapolation of these methods outside
the strict Darcy regime lies in the fact that inertial effects due to curvature
of the fluid paths in real media are completely ignored. The hydraulic
radius theories represent an advance in that inertial effects may be recog-
nised although, until recently, they have not been taken into account.

Kozeny (Ref. 6) originally developed a hydraulic radius theory by
considering the medium as an assemblage of channels of fixed length but
of varying section. Carman (Ref. 7), Wyllie and Gregory (Ref. 8) also
employ this approach and in 1956 Hubbert (Ref. 9) showed that, using a
method analogous to Kozeny’s, Darcy’s law is valid only for flow velocities
such that the inertial forces are negligible compared with those due to
viscosity.

It may be noted that both Kozeny and Hubbert used the Navier-Stokes
equations ignoring inertia terms to express the overall flow in the assumed
channels.

Among the continuum flow equations two stand out.

In 1901, Forchheimer (Ref. 10) suggested a simple polynomial expres-
sion to describe the flow conditions—

i=aV +bV%
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where g and b are constants determined by the properties of the fluid
and medium. Although Forchheimer subsequently added a third term
in an attempt to obtain improved fit with experimental results, Eq. (2) is
generally referred to as Forchheimer’s equation.

A number of workers have inferred that Forchheimer’s equation has
sound physical backing apart from its attraction as a relatively simple non-
linear expression.

Aravin and Numerov (Ref. 11) stated that from their investigations
the soundest law both from theoretical and experimental viewpoints seemed
to be the drag law of seepage which they gave as Eq. (2).

Ward (Ref. 12) derived an equation of the Forchheimer type from
dimensional analysis and the results of experiments carried out by Lind-
quist (Ref. 13) can be expressed in this form.

One of the most important recent developments is due to Irmay
(Ref, 14) who derived the Forchheimer relation by inferred argument from
the fundamental Navier-Stokes equations for the general case when inertia
terms are considered.

The second important flow relationship in this category is attributed
to Missbach (Ref. 15) who suggested the use of an equation of the general
form

i=cV™ i ceeeieerntereaaass 3
where ¢ = constant determined by the properties of the medium and
the fluid,
m = an exponent with values lying between 1 and 2.

Eq. (3) has been used extensively by White (Ref. 16), Escande (Ref. 17),
Wilking (Ref. 18), Parkin et al (Ref. 19), and Anandakrishnan and Vara-
darajulu (Ref. 20).

Dudgeon (Ref. 21) carried out tests on coarse materials including a
number of gravels, sands and packings of uniform spheres and confirmed
that while the results followed closely expressions of the form of Eq. (3)
the values of ¢ and m were not constant for the one material for all flow
conditions.

1.2 Watson’s Model :

A significant advance in the use of particulate models was introduced
by Watson (Ref. 22). Extending an approach described by Philip (Ref. 23)
he suggested the use of the regular ‘ square ” model shown in Fig. 1.
Such an arrangement is essentially a clastic model as defined by Trollope
(Ref. 24) and, following extensive analyses of its properties, which are to
be described in this paper, it has been found to be of very great value in

aiding the understanding of complex flow in porous media.

AENSEINEEN

1
1

—— q—d

Fig, 1.—An Idealised Porous Medium Model.

One of the most encouraging results of recent work is the demonstra-
tion that analysis of Watson’s model using the Navier-Stokes equations,
including the inertia terms, leads directly to Forchheimer’s equation, thus
linking the particulate and continuum approaches. It has also been
shown that the terms a and & are subject to small variations depending
on the Reynolds number of the flow regime which is in accord with Dud-
geon’s experimental observations. In general however, when included
in the Forchheimer expressions these variations are not likely to be of major
practical significance,
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2.—THE FUNDAMENTAL CHARACTERISTICS OF FLOW
THROUGH POROUS MEDIA

2.1 Flow Regimes:

It is convenient to classify flow regimes in terms of the behaviour of
the fluid in the pore space, these are
(i) The pre-laminar regime,
(i) The laminar regime,
(iii) The turbulent regime.

The pre-laminar regime is associated with very low velocities so that
in these circumstances even water ceases to act as a Newtonian fluid. Such
flows are frequently associated with extremely small pore sizes, e.g., in
clay soils, and the physico-chemical interaction of particles and fluid then
has a profound influence on the overall regime. Flows of this type are
outside the scope of this paper.

The laminar regime is one where, under steady flow conditions an ele-
ment of the fluid follows a smooth path. At first it was thought that Darcy’s
law was valid for all laminar conditions. It is now understood however
that the laminar regime is always non-linear in character and that the use
of the linear Darcy equation is a justifiable approximation only when the
effect of the inertia terms in the Navier-Stokes equations is negligible
compared with that of the viscosity terms. These conditions occur when
the flow velocity is small and this is sometimes called “ creeping flow .

For practical purposes the linear approximation is useful for Reynolds
numbers up to the order of unity and fortunately this covers a wide range
of natural situations involving materials of particle size less than 1 mm.

It is clear however that the non-linear behaviour of laminar flows
through porous media is a topic of considerable practical interest and
importance and this paper is primarily concerned with theoretical and
experimental evaluation of this phenomenon.

Not the least of the items of theoretical and practical significance is
the fact that non-linear flow observations in these circumstances cannot
necessarily be attributed to the onset of turbulence.

A turbulent regime develops at high Reynolds numbers when the fluid
velocities are sufficient to cause instantaneous fluctuations or eddies in the
flow path. Under these circumstances changes in flow characteristics
with time must be considered and the solution of the fundamental Navier-
Stokes equations is extremely difficult even for the simplest geometrical
configurations.

Nevertheless the available evidence suggests that the continuum

Egs. (2) and (3) are sufficiently flexible to permit their use in turbulent
conditions within porous media.

2.2 Theoretical Investigations of the Laminar Regime :

Fluid flow within the interstices of any porous material will be governed
by the basic fluid mechanics relations—the Navier-Stokes equations. As
the boundary conditions imposed by the irregularity of the pore spaces
are, in general, highly complex and variable the governing equations, which
in themselves are fourth order and nonlinear defy analytical solution. As
previously noted however it is possible to

(i) consider numerical solutions within a porous medium with sim-
plified or idealised boundary conditions (the particulate approach),

(ii) derive the generalised flow equation in terms of the character-

istics of the flow (such as those obtained from a solution of the
Navier-Stokes equations) and the properties of the fluid and porous
medium (the continuum approach).

Both approaches as developed in this paper start with the assump-
tion that for compressible viscous flow the Navier-Stokes equations may
be written as

dUu
P = —grad (yB) + p V2U  coeiriiiiieeenns

and continuity gives
divU =0

where the velocity U = ui + v ]A + w }/e\, t represents time, piezometric
head is z and the fluid has density p, specific weight y, dynamic viscosity u,
and kinematic viscosity ».

If the velocity values are known throughout the flow field the pressure
and piezometric head may be deduced at every point from these values and,
further, the head gradient between any two points can then be evaluated.

For simplicity the relations will be deduced here for two-dimensional
flows—the corresponding three-dimensional arguments are given as the
Appendix.

For two-dimensional flow the velocity is given by

A A
U=ui+uvj

a stream function ¢ may be defined by

o &
=~ = rm— svsessesseensererseriisanes 7
> U7 o @
and the vorticity ¢ is given by
ov  ou
= — — = V2 e 8
&= % Vg ®

Using Eq. (8) the piezometric head gradients in the x- and y-directions
are obtained from Eq. (4) as

10(yh) du 10Uz 26
T RY I e 9
p Ox or 20x  °°F + dy (9a)
and
1 o(yh 0 1902
5 (a”=—v UE — Yo e, 95)
p oy ot 20y %

It is useful to convert these equations intc dimensionless form by
introducing representative parameters V (velocity) and L (distance) such
that

- u - v — x - y
2 2k A A

Cu L L = b = gy e 10)
Al Al T R A

where the bar indicates a dimensionless quantity.
Reynolds number (RN) may then be defined in conventional fashion by
VL
RN = —

v

and the differential equations for the piezometric head gradient may be
written in dimensionless form. Thus Eq. (9b) becomes

- de
+u. ) - —
oy ot ay ox

and a similar equation is obtained for the gradient in any pertinent direction.

oh yL*
h YL _ RN

a5+1at72
eV

It should be noted that the piezometric head gradient depends upon
(1) field variations of velocity (including vorticity),

(2) RN, V and L which are related,
and

(3) y and p which are properties of the fluid.
Therefore to assist with the further analysis of this relation it is useful
to write it in the form
oh i
=L

[o1 + Bi. RN]
%
where «, and 8, are expressions (not usually constants) derivable from the

characteristics of the flow patterns under study and dependent only on
Reynolds numbers and the pore geometry.

The particulate approach is now followed by assuming a simplified
void geometry and solving Eq. (13) for these boundary conditions. If
steady flow is considered, numerical solutions of the vorticity-transport
equations (Ref. 25) will give the flow characteristics required to evaluate
a, and B, throughout the flow. Such solutions were obtained by Stark
(Ref. 26) for a variety of idealised particle arrangements and Figs. 2, 3, 4
and 5 show some typical stream-function solutions.

i

—_—— —

T

Fig, 2.—Streamlines. Fig. 3,—Streamlines.
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Fig. 5.—Streamlines.

The continuum approach is one whereby the average properties within
a pore space are assumed to pertain over the adjacent space and each pore
is considered as an infinjtely small element within the whole porous me-
dium. Consider a typical pore space as shown in Fig. 6 in which the rela-
vant properties of the continuum element shown dotted are given as 7 and 7
where V is the seepage velocity and ¢ is the piezometric head drop gradient
across the element.

P e

R
-
m
z
tal

Fig. 6.

Now if the representative velocity (V) used in the flow derivations is
chosen as the seepage velocity it follows from Eq. (13) that if the distance
AB is given by S

. (Bdhdy  pv B
i fAdyS—————SyszA(alJrﬁl.RN)dy
v
=+ @+ B.RN) . (14)
y L?

where again « and B may be calculated for an idealised medium from the
numerical solutions of the Navier-Stokes equation.

If a particular porous medium is considered (i.e., L is fixed), and the
fluid properties (1 and y) are known then this relation reduces to

i =al + bV?
pa B

and b = —.
y L? gL

It is important to note here that whereas « and B are functions of
RN and the pore geometry only, b is also a function of the pore (or particle)
size while a is a function of RN, pore geometry, pore (or particle) size and
the fluid.

It is still necessary to consider a further two points,

(a) whether i is in fact the appropriate representative head gradient

across the pore space to be used in the continuum flow relations, and

where a =
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(b) under what circumstances ¢ and b may be assumed constants for
a given fluid in a given porous medium.,

(@) If the element illustrated in Fig. 6 is representative of the sur-
rounding flow (and this is usually the case where the same macroscopic
flow relations are used over extensive regions of the flow) then although,
by virtue of the nonlinearity of the Navier-Stokes equations, xx, yy and
2z will not be lines of symmetry (except when RN = 0) the flow patterns
crossing zz and yy will show periodic similarity and, as the piezometric
head gradients at a point are dependent only upon the surrounding velocity
characteristics, it follows that the pressure drops between A4-A’ and B-B’
are identical and therefore that the head gradients along AB, A’ B’ and
any other line parallel to these and crossing the pore space will all be identi-
cal. Further, if the medium is isotropic and homogeneous, the same
values for g and b will apply for any direction of flow.

(b) An examination of the streamline profiles obtained in the numerical
solutions shows that over quite extensive ranges of RN there is little change
in the dimensionless velocity characteristics—particularly in the main
body of flow. Although the position of the separation streamline (separating
the main flow from the wake flow) and the vortex patterns alter significantly
with changes in RN they do not appear to have an important effect on the
head gradient wersus velocity relation unless the change in RN involves
at least one order of magnitude. This observation is supported by a study
of the numerically calculated gradients (Refs. 26 and 27) and is illustrated
by considering the results (Table I) in which values of (x + 8. RN) (Eq. (14))
are tabulated for flow through the idealised model of Fig. 1 at three different
pore geometries.

TABLE 1
alb=1 a/b =4 a/b=1/3
n=0.75 n = 0.36 n = 0.937
RN Hg RN Hg RN Hg
0.0 18.78 0.0 876.2 0.0 1.16
0.05 18.79 8.0 879.6 2.5 1.20
0.5 18.81 40.0 898.3 12.5 1.32
25 18.86 50.0 901.8 25.0 1.42
5.0 19.02 80.0 911.9 50.0 1.50
10.0 19.42 RN = V.(a/v)
15.0 19.80 V= seepage velocity
25.0 20.22 Hg = (¢ + B.RN)
50.0 20.82 n = porosity
100.0 21.44 a = particle size (see Fig. 1)
150.0 21.62 b = void size (see Fig. 1).
200.0 21.66

Darcy Flow: In the limiting case when RN = 0 the particulate flow
relation (13) and the continuum relation (15) reduce to their respective
forms of Darcy’s equation which may be written in the form

V==Fki

k in Darcy flow is assumed as a constant but the analyses above show
that this is only an approximation. For creeping flows, however, where
RN is approximately zero this assumption is well within experimental
accuracy and has formed the basis of many studies of seepage flow. The
numerical studies suggest that the limit of validity of Darcy’s law depends
upon the properties of the medium involved, however, generally it may be
assumed to hold within 4 19, if RN (based on seepage velocity and mean
particle size) is less than 1. The solutions in Table I support this assump-
tion.

If the continuum is considered then within this continuum the differ-
ential form of Darcy’s Law may be written

V==~ d
T ds
and this relation satisfies the potential definition for irrotational ﬂoyv within
the boundary conditions, and therefore k satisfies Laplace equation

Vih=0




4 COMPLEX FLOW THROUGH POROUS MEDIA—T'rollope, Stark & Volker.

Thus all the solutions and methods of solution available for Laplace’s
equation become available for finding the value of % (and therefore V)
at any point in the continuum.

It should be noted that the corresponding particulate equations do not
satisfy potential flow requirements because the boundary conditions within
the pore spaces must then satisfy “no slip > conditions.

Alternatively (in terms of stream-~function) for creeping flow in the
continuum V23 = 0 and the boundary conditions of irrotational flow
apply whereas for creeping flow within the pore spaces V44 = 0 and ““ no
slip > conditions apply on the particle boundaries.

2.3 The Forchheimer Relation :

The more general relation for laminar flow given by Eq. (15) is some-
times referred to as the non-linear laminar relation and the regime of flow
for which this equation applies is the non-linear laminar or non-Darcy
laminar regime. When a and b are considered as constants this equation
becomes the Forchheimer relation. It should be noted then that just as
Darcy’s equation applies over a limited range of RN with reasonable accuracy
s0 too as explained above the Forchheimer relation will hold over limited
ranges of RN within the laminar flow range. The actual flow range and
accuracy with which a given set of values of a and & will apply will depend
on the geometry of the pore space involved. As a guide, Darcy’s Law
will generally hold for RN = (-1 with an accuracy of + 19, whereas a
Forchheimer relation can approximate with about the same accuracy for
RN = 0-5, 5-25, 25-100. Naturally, if the accuracy stipulated is reduced
the applicable range of RN can be increased.

It follows therefore that whenever permeameter tests are performed
on a given porous medium and a smooth curve is fitted to the results to
obtain an appropriate value of a and b these values will have an accuracy
dependent on the range of flows used in the tests. Further, such values
should only be used in calculations invelving Reynolds numbers appropriate
to this range of flows. It is always inadvisable to extrapolate coecfficients
from a given series of permeameter tests.

2.4 Other Relations
Eq. (14) can be rewritten in the form

. wV B
lzﬁao(l-*—;;.RN)

by assuming « has a constant value o, where «, is the value obtained for
o when RN = 0. If the permeability & at any RN is defined by

Vo EENT  eoeeeeeeeeeeeeseenesnennns (20)
then
k
b B RN (21)
ko %o

This relation which Tek (Ref. 28) deduced empirically is essentially a Forch-
heimer relation which will be adequate for low Reynolds numbers, e.g.,
RN = 0-5 but will have decreasing accuracy for higher flows. Tek’s
experimental results show this and illustrate that the velocity distributions
for RN = 5-10 differ sufficiently from those in the range RN = 0-5 to
invalidate the implicit assumption in Tek’s original expression that o,
equals « at any other Reynolds number.
The Carman-Kozeny relation for creeping flows is deduced directly

from Eq. (14) also by noting

(i) RN = 0 for creeping flows,

(i) L = Hydraulic Radius,

(i) « = Fn)
where 7 is porosity.

Carman-Kozeny, in effect, assumed that « = K, /n where K, is known
as the Carman-Kozeny constant and supposedly has a universal value of 5.

Introducing also the concept of specific surface S,, defined by the
ratio of surface area of particles to particle volume. Eq. (14) results in the
Carman-Kozeny relation—

i=X VK, s,
Y
Many experimental results have illustrated that K, is not a constant even for
creeping flow and Stark (Ref. 26) has suggested a relation between « and
porosity which appears to be more appropriate than Eq. (22).

a-—mne
ns

3.—LABORATORY EXPERIMENTAL RESULTS
3.1 General:

The rationale of the Forchheimer relation has not generally been
heeded by experimentalists and, as a result, the literature abounds in

different empirical relations that have been deduced to fit particular experi-
mental evidence.

A close examination of the more reliable reported r.esults (e.g., Refs_. 19,
21 and 29) show that very often a Forchheimer relation can be obta}u_led
which fits the experimental results more accurately than the empfmcal
relations nominated. Generally, results plotted on log-log paper illus-
trate a tendency to form a straight line (or a series of strnght lines depex'md-
ing on the range of values) and this has resulted in the widespread adoption
of a logarithmic relation of the Missbach type. 1t may not generally be
realised that a Forchheimer relation plots on logarithmic paper approxi-
mately as a series of straight lines and therefore a Forchheimer relation
may be fitted to such results just as accurately as & Missbach type relation.

Although three-dimensional permeameter tests, Wany of which extend
into the turbulent flow range, vindicate the adoption of a Forchheimer rela-
tion, they are not usually suited to a general evaluation, of the effect of the
different variables, e.g., porosity, particle shape and size and RN on the
head-flow relation. A study of the flow varjables 1S .s1rnpl1ﬁe.d by using
idealised media. Slichter (Ref. 2) recognised this in his analysis of a mass
of uniform spheres while Lindquist (Ref. 13), Ward (Ref. 12), Parkin
(Ref. 19), Dudgeon (Ref. 21), Gunn and Malik (Ref. 30) and How Lum
(Ref. 31) have all used spheres in at least part of their experimental pro-
gramme.

3.2 Permeameter Tests—Uniform Spheres: )

How Lum’s experiments involved a variety of glass balls of diameters
2,5, 6, 12.5, 15 and 17 mm. which were tested in ral}dole packed arrange-
ments in large permeameters chosen to avoid side and end boundary
effects ”. Each set of tests involved balls of only one diameter and fgle
porosity of the packings were all similar ranging from 39.7% to 40.9%.
A correction based on the Carman-Kozeny relation can be used to convert
the results to a standard porosity with reasonable accuracy for this range
of porosities (Ref. 26).

This conversion is given by

iD? iD? n (1 —mn)?
[ | 4 ]modified B [ |4

] R A 3
experimental a- ") A

(24

where D = particle diameter,
V = velocity,
n = porosity of experimental material,
n, = standard porosity.

; 2
Now from Eq. (14) it follows that if 1VL is calculated for flow through
v
porous materials which are geometrically similar a unique value should be
obtained for each RN. This is so for How Lum’s tests where L equals D
within the accuracy of the experimental results (Ref. 32). )
Thus, although the flow paths for each arrangement are not stnct}y
geometrically similar, provided similarly shaped pgrpcles are packed n
a similar fashion to give the same porosity the condition of hydrodynamic
similarity may be satisfactorily assumed.

3.3 The Parallel Plate Model : ) ] )
Volker (Ref. 33) has used idealised media in an interesting adagtatlon
of the well known Hele-Shaw apparatus. In this series of experiments
the apparatus involved two parallel plates {y in. apart which was sufficient
to ensure that non-linear inertial effects (and even turbulence at Qigh flows)
were present in the water flowing around the flat “ porous media * particles
of regular shape(s) and size(s) and arranged in arrays between the plates.
A view of the model is illustrated in Fig. 7. It consists of an inlet box,
the flow channel between the parallel plates and an outlet tank. The inlet

Fig. 1.—Parallel Plate Model.

Geomechanics Fournal, 1971
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box and bottom parallel plate were supported on a flat steel {-in. sheet
mounted on a steel frame of rigidly interconnected rolled steel joists which
maintained the model in a level position.

Water was conducted into the space between the plates by an inlet
pressure box fed by a 2-in. pipe from an overhead supply tank. The inlet
box was half-filled with gravel and separated from the actual inlet to the
parallel plates by a gauze sheet. The gravel dispersed the flow from the
pipe and presented a reasonably uniform distribution of flow at the inlet
to the channel between the plates.

The parallel plates themselves were two perspex sheets each % in.
thick and 4 ft. square which were held at constant spacing by the particles
forming the idealised porous medium. The top sheet was held by super-
imposing a pressure tank on it by cementing strips of perspex # in. high to
the upper parallel plate around its edges, then another perspex sheet was
cemented to these strips to form the top of a closed perspex box.

An inlet (one in. dia., and incorporated in the top of the box) was
attached to a static pressure line which extended 4 ft. above the water level
in the overhead suppy tank. The pressure in this box thus exerted 2 down-
ward force on the upper parallel plate and counteracted the upward force
from the flow while the presence of the particles prevented the plate from
bowing downwards. The downwards pressure also helped to maintain
the particles in position and prevented their movement under the action
of the drag forces produced by the flow. The perspex box was itself anch-
ored by four rolled steel beams bolted to the steel framework.

At the outlet of the model, the outlet tank formed the approach channel
for a half-vee notch weir which could be discharged through a gravimetric
flow system when required.

Five pressure tappings spaced 9 in. apart were attached at each end of
the perspex sheets to allow measurement of head loss across the model and
a hypodermic syringe connected to three needles mounted at the centre of
the inlet to the flow channel between the parallel plates was used for dye
injection. These needles which were £ in. apart produced three dye-lines
down the central portion of the flow area. Finally a network of lines at
1-in. spacing drawn on the steel base under the bottom perspex sheet facili-
tated arrangement of the ° particles ” according to the predetermined
patterns. The particles, circles and hexagons of 2-in. dia. and squares
(and diamonds) of 1l-in. and 2-in. sides were punched from +-in. sheets
of rubber insertion.

The head difference between the inlet and outlet was measured by
manometers and averaged over the width of flow. The manometer fluids
were petrol ether for low flows, air-water for intermediate flows and
water-mercury for high flows.

The pressure head-velocity relations deduced from this parallel plate
apparatus not only support the conclusions reached from the numerical
solutions but illustrate that the Forchheimer relation can be extended
well into the turbulent flow regime.

Laminar Flow Range:

The appropriate equations governing the flow between the particles
are given by

92y o(vh) _ ou ou | au) 25)
#72‘2 ax =p at uaxTvay ..................
0%y o(vh) ov v v
- S (AT AT N 26
Hog EY (m+”h+”®) (26)
avh
G e
oz

where the flow occurs in the x, y plane and it is assumed that
(i) w and its derivatives are all zero, and

(ii) second derivatives of # and v with respect to x and y are negligible

compared with those in the z-direction.

Comparing these equations with those (Egs. (4) and (5)) used in the
two-dimensional numerical analysis it is evident that the viscous terms are
quite different whereas the inertial terms are similar but, these too, will
be affected by the boundaries imposed by the parallel plate.

In the conventional Hele-Shaw model the inertial terms are negligible
so these equations illustrate the important difference between the parallel
plate apparatus and the Hele-Shaw model.

The flows used in the tests corresponded to Reynolds numbers based
on the seepage velocity and the particle size from RN = 50 to 50,000 (and
based on the plate separation from RN = 1.5 to 1,500) and dye tests were
used to indicate the cnset of turbulence in the higher ranges.

As discussed previcusly a single Forchheimer relation cannot be ex-
pected to hold accurately over a wide range of velocities and heads such
as that encompassed. On the other hand realising that the velocity distri-
butions change relatively slowly with RN and separating the results into
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several (2 or 3) ranges Forchheimer expressions were obtained which fitted
the results in each range with an accuracy of better than the experimental
error of about 5%.

The results for some of these tests with the appropriate Forchheimer
“ constants >’ are given in Table IL

TABLE II
Forchheimer Coefficients in Parallel Plate Tests

Particle Seepage
Arrange- Size Velocity a b
ment* (fr./sec.)
Circles 2-in. dia. 0.0357- 1.06 0.0723 0.0159
1,13 - 243 0.0715 0.0185
2.52 -10.88 0.0745 0.0234
Squares 2-in. side 0.0324- 1.06 0.0756 0.0085
1.12 - 2.30 0.0631 0.0182
2.44 -10.62 0.0623 0.0255
Hexagons 1 2-in. inscribed 0.0814- 1.23 0.0669 0.0249
dia. 1.28 - 2.19 0.0500 0.0363
237 - 6.50 0.0505 0.0379
Hexagons 2 2-in. inscribed 0.0079- 5.67 0.831 0.1173
dia,
Diamonds 2-in. side 0.0233- 1.065| 0.0900 0.0704
1.115 - 2.10 0.0665 0.0866
232 - 6.16 0.0586 0.0929
Squares 2-in. side and 0.0202- 6.52 0.0718 0.0812
1-in. side

*Particle arrangements are in a square grid excepting Hexagons 2 which is on a diamond
grid. In the two-squares arrangement the smaller squares were placed centrally in each
continuum element.

Turbulent Flow Range :

The onset of turbulence in porous materials is not readily pinpointed
because it appears to be associated with the development of instability
in the wake regions behind the particle—and with the passage of these
and any other disturbances throughout the medium. In the parallel
plate model tests turbulence appeared to have permeated the flow at RN =
2,000 (based on the particle dimension) or 60 (based on plate spacing)
although at even lower flows turbulence appeared to be present at least in
some parts of the flow.

An examination of the turbulent flow equations (see the Appendix)
shows that the * Reynolds stress >’ terms are similar in form to the inertial
terms so that the continuum equation expressing the macroscopic flow
through porous materials will have an additional term in the turbulent
flow regime which is of the same form as the inertial term—b V2,

Thus the Forchheimer relation (15) still expresses the flow relation
but the value of b incorporates two terms one characterised by the laminar
flow, the other related to the changes which turbulence introduces to the
velocity distributions.

4.—THE TWO-DIMENSIONAL FIELD EQUATION FOR
FORCHHEIMER FLOW
4.1 General:

Having established the applicability of the Forchheimer relationship
both theoretically and with respect to flow through a typical element it is
now necessary to derive equations which will describe satisfactorily the
conditions obtaining in a  field ” throughout which the constitutive law
applies.

Previous derivations of field equations for non-linear flow have been
carried out by Kristianovich (Ref, 34) and Engelund (Ref. 35) who intro~
duced auxiliary independent variables in place of the cartesian co-ordinates
in an attempt to simplify the analysis.

Irmay (Ref. 14) has given a brief discussion of the general problem
by deducing a differential field equation using the Forchheimer equation,
but the nonlinear characteristics present formidable difficulties with regard
to formal analytical solution.

Recognising that practically important solutions can only be obtained
at the present time by recourse to numerical analysis Volker (Ref. 36)
has derived the field equaticn in a form suitable for this purpose.

4.2 The Field Equation:
The Forchheimer head loss relation (Eq. (15)) may be written in the
form —gradh=aV +bV?

where a and & are constants (under the assumptions outlined above) de-
termined by the preperties of the fluid and medium. Assuming that
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grad k and V are oppositely directed vectors, Eq. (28) in vector form

becomes:
© —gradh =(a +b{V)V

where |V| is the magnitude of vector V. If 7 and j are unit vectors in
the x- and y-directions respectively, and s is a unit vector normal to the

surface of constant 4 in the scalar field and adopting the notion h, = 0h/3s,
= gh/0x and hy = Oh/0dy, then from vector theory it can be shown

that:
—hys = —hed —hyf e (30)
also from Eq. (29)
h,s = (a + |b] V)(u1'+v1') ..................... 3D
Equating corresponding components of vectors in Egs. (30) and (31)
—he=(a+b{VDu }
—hy=(@+b{VDov | e, (32)
Again from Eq. (29) it can be shown that
V| = A—+./( )+"’t .................. 33)
2b
Substituting for V' in Eq. (32) and rearranging
— ha 3
Y = —————————
a a?
4+ [ +bln
3 + p +blh
e (34)
— hy
. A
a a?
= — + blh
N L
The continuity relation for two-dimensional flow (Eq. (5)) may be written
ou v o 35)
B (

Substitution for u and v from Eq. (34) in Eq. (35) yields the required
field equation for the Forchheinter head loss relation as

2 F a h
— ——«—13———] o] 2| =0 .36
Ox oy
¢ S ey ¢ 1= ey
2 4 : 2 N1 s
4.3 Finite Difference Technique of Solution:
Eq. (36) is simplified by introducing the term f which is written:
a aZ -1
F=rFQhD = {5 N 1h51} .................. 67
Eq. (36) may then be written as
2 l 2 '
e )+ Py ) =0 et (38)
Ox oy
or
Bofe + fhos + By fy + Fhyy =0 oeeereeeenen. (39)

It has been shown (Ref. 37) that differentiation of Eq. (37) and substitution
in Eq. (39) leads to the field equation in a form suitable for direct applica-
tion of finite differences

-4
hoe Tﬂib(_  BIRL) Chehas + By hus) +

+hw—|h12b(4 +b¥h {) (hyhyy+hyhxv)“0

The finite difference formulation of Eq. (40) is best carried out in a number
of steps. The flow field is divided into a discrete number of points by a
regular grid in the usual way and values of piezometric head are assumed
for all points-whose values are not fixed. The gradients & and hy at any
particular point are evaluated in terms of the piezometric head at that point
and at adjacent nodes. This enables the term 1A, to be calculated, and
substitution in Eq. (37) vields f. Finite dxfference formulae also give
the value of the second derivatives hge and hyy. Thus Eq. (40) when
applied at each node in the field vields a set of simultaneous equations in

terms of the unknown piezometric heads and the solution of these equations,
usually by iterative techniques, then represents a solution to the problem.

For axisymmetric flow, the field Eq. (36) must be modified to allow
for the radial convergence of the flow. For axisymmetric flow the con-
tinuity equation is

avy V. oV:
- -+

: —— =
or r o0z

where Vr‘ and V. are the velocities in the r- and z-directions respectively.
Substituting for V; and V., Eq. (41) becomes

@ e U RV 2 ke T_o @
ar 3 hS r az T - ( )
2 [ by L L
2 4 s 2 Z + l sl

where V is the velocity in the s-direction and is given by Eq. (33). The
finite difference approximation to Eq. (42) is obtained by an analogous
procedure to that used for Eq. (36).

At the boundaries of the flow field the boundary values are either
fixed or adjusted by finite difference forms of the boundary conditions.
The imposition of Dirichlet type boundary conditions, on boundaries
where the piezometric head is known, is relatively simple since the field
value of each node on such boundaries is set equal to the appropriate piezo-
metric head. A Neumann type boundary condition is imposed by first
calculating the normal derivative at the boundary, in terms of % values at
nodes on, and adjacent to, the boundary; and when this normal derivative
is set equal to zero, new values of piezometric head % on the boundary can
be obtained. In regions with a free surface of flow, including a boundary
condition of mixed type, some difficulty is introduced because the position
of this free surface is not known a priori. The treatment of this top flow
line may be undertaken in a manner similar to that described in Ref. 38.
An assumed position is first employed and is adjusted as the solution proceeds
to give the final correct location of the free surface.

4.4 Finite Element Technique of Solution :

Many problems involving elliptic partial differential equations can be
related to the minimization or maximization of an integral. This property
which is discussed more fully by Courant and Hilbert (Ref. 39) leads to
an alternative variational formulation of the problem. Instead of attempt-
ing to solve the partial differential equation in its original form, the problem
is converted to one of maximizing or minimizing an integral throughout the
field.

Although originally developed as a direct application of the principles
of structural analysis, the method of finite elements has since been shown
to have wider applications. Zienkiewicz and Cheung (Ref. 40) demonstrated
the logical extension of the method of finite elements to solve the alter-
native variational formulation of field problems involving elliptic partial
differential equations. It has also been shown (Ref. 36) that the method can
be applied to the solution of the Forchheimer field equation for non-linear
flow through porous media and has certain advantages when dealing with
flow fields of irregular shape.

For the general variational problem

Eh) — ” G(hy b » hy 5 %, y) dx dy
R

the Euler equation, from the calculus of variations (Ref. 41) for the minimi-
zation of E in the region R is

oG 2/ 0G 2 7 oG 0 "
FA P 3hz)_ﬁ ahy>* ............... (44)
and if the toundary condition is of the form
G d: oG d:
S Al ic ........................ (45)
Ohy ds = Bhy

it is called the natural boundary condition because it is automatically
satisfied by the function 2 minimising E(%), without being imposed.

For application of the finite element method of analysis the field
Eq. (36) is more suitably restated as
[h [} ha

: [{ 2b (2b> 1Ay
EEINCE R

' In order to express Eq. (46) as equivalent to the minimization of an
integral, a function G must be obtained which satisfied Eqs. (44)-(45).

Geomechanics Fournal, 1971




COMPLEX FLOW THROUGH POROUS MEDIA—Trollope, Stark & Volker. 7

These requirements are fulfilled by the function

a 2, (raN® (B[
G=———|h|+ bl L 47
i vsel(s) + 5 @7)
and the integral to be minimized is
—a 2 a\? [ |y3/2
E(h) = — b} + b — S ldxdy ... 48
@ “[217 Bl 3 {(21:) + b} ]dxdy “®

Substitution in Eq. (45) shows that the natural boundary condition
coincides with a zero gradient normal to the boundary and therefore with
no flow across the boundary. Thus this boundary condition on any par-
ticular boundary does not have to be imposed on the solution but is auto-
matically accounted for.

To obtain a solution for flow in any region, the field is first discretized
into a finite number of nodes at which values of piezometric head are
required. Minimisation of the integral E in Eq. (48) with respect to the
piezometric head 4 at each node leads to a set of simultaneous equations in
terms of unknown /4 values. The equations are usually arranged into
matrix form and the solution is carried out systematically to yield the re-
quired piezometric head distribution over the region of flow. Other quanti-
ties as required can then be calculated from the piezometric heads.

5.—FIELD SOLUTIONS USING MISSBACH’S RELATION

If the Missbach relation (Eq. (3) is used instead of the Forchheimer
relation then following the above procedure the appropriate field relation
for two dimensional flow is given by

D[ IAUm (— ey 2 Pl (- By
EE[Wc (Al JTay[ c Ikl

and the appropriate integral to be minimised using the finite element tech-
nique is given by

=0

B = [ [emom T jpjoomdedy (50)
m +
when ¢ and m are constants this relation reduces to
E(h) = [[ himinimdzdy 51)

These relations were deduced independently by Fenton (Ref. 42) and Volker
(Refs. 36 and 37) whereas Parkin (Ref. 43) had earlier derived the field
equation using a slightly different approach. Fenton has analysed a num-
ber of seepage problems based on the exponential (Missbach) head loss
equation, including free surface conditions, and using both finite difference
and finite element techniques.

6.—SOME SOLUTIONS AND COMPARISONS WITH
EXPERIMENTAL RESULTS

6.1 General:

In order to test the predictions of the non-linear theory in some signi-
ficant practical situations it was necessary to carry out some relatively
large scale laboratory experiments.

The situations which are of most immediate significance are

(a) the confined aquifer of known geometry,

(b) the unconfined aquifer,

(¢c) the vertical sided permeable wall,

(d) the triangular section enbankment.

Experiments covering (a) and (b) were carried out in a 20-ft. dia. X 6 ft.
deep steel tank. Water could be introduced around the wall of the tank,
passed through the medium in the tank to a central well from which it
was pumped through a discharge measuring device back into a reservoir.

Experiments on the vertical wall and model embankments were carried
out in an open flume 2 ft. wide x 2 ft. deep with one clear perspex side
for viewing purposes.

Full details of the testing procedures are given in Ref. 37.

6.2 Confined Axisymmetric Flow Experiments:

The arrangement for these tests is shown diagrammatically in Fig. 8
and the material used was a nominal & in. size crushed granite aggregate.
A series of permeameter tests was carried out over a range of velocities
comparable with those in the tank experiments. With such tests however
the difficulty remains of ensuring that the material in the permeameter is in
the same physical condition as that in the tank. As a check on the procedure
the model aquifer flow at the lowest discharge (flow No. 1) was selected as a
situation wherein the maximum fluid velocity (at the well) was entirely
within the range of the permeameter experiments. The measured dis-
charge in this situation was compared with that predicted from the use of
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the Forchheimer equation (Eq. (2)) with values of the constants a and &
derived from the independent permeameter tests with the following results.—

Measured discharge 0.177 cusec.
Calculated discharge 0.179 cusec.
The agreement is therefore acceptable.

C : 4

Fig. 8.—Section showing Path of Water Through Model.

Thereafter the value of the Darcy permeability coefficient (k) calculated’
from this model flow (No. 1) and the values of Forchheimer constants
(a and b) were used to predict flows at higher velocities.

The results are shown in Fig. 9. It will be seen that up to flow No. 3
there is excellent agreement between the calculated values based on the
predictions of the Forchheimer equation and the measured discharges,
whereas the extrapolated values using the Darcy constant are increasingly
in error up to a value of 209%,.

.30

.

DISCHARGE (CUSECS)

20
= —  |eewmomva
x DARCY CALQULATED
'S FORCHHEIMBR CALCULAJED

.45 .60 .75 .90 1.05 1.20
HEAD DIFFERENCE (FEET)

Fig. 9.—Discharge Results for Confined Flow Experiments.

The velocities developed in flow No. 3 have been estimated (Ref. 37)
to have maximum values at the well interface of 0.15 ft./sec. compared with
a velocity of 0.06 ft./sec. which was the maximum developed in the permea-
meter tests.

This velocity of 0.06 ft./sec. was also exceeded within a cylindrical
column of radius 6 in. around the well.

When the flow was increased (flow No. 4) to the condition where the
velocity at the well interfacd was approximately 0.25 ft./sec. (i.e., four times
the maximum permeameter velocity) and the excess region around the
well was 8.5 in. radius then both the non-linear (Forchheimer) and the
linear (Darcy) values were considerably in error, although the non-linear
prediction was closer to the measured value,

This emphasises that whichever constitutive law is used predictive
extrapolation beyond the range of actual test values is not generally war-
ranted.

Other things being equal however the non-linear (Forchheimer)
relationship is measurably superior to the Darcy equation.

Workers familiar with the problems of using the Darcy equation in
practical situations frequently express the view that it is difficult enough
to relate observed values of flow to a single variable—the Darcy coefficient
of permeability, so that even greater difficulty is to be expected when dealing
with a non-linear relationship such as the Forchheimer equation.

These experiments indicate the fundamental error encompassed in
this opinion. In fact, it is much easier to relate the Forchheimer equation
to actual flows now that the analytical difficulties inherent in handling
non-linear equations have been overcome by the development of computer
based numerical methods.

6.3 The Unconfined Aquifer:

Again, an axially symmetric situation was used with material similar
to that described in section 6.2, i.e., © in. nominal single size crushed
granite aggregate. In this case both the Forchheimer and Missbach
equations were used to predict the non-linear flow in a bed 5 ft. thick in
the 20-ft. dia. tank.

Again, a reference flow (No. 2) was used and the results are shown in
Fig. 10. The superiority of both the non-linear expressions in this case
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is striking, the Darcy Law based predictions overestimating the maxi-
mum flow by 489,.
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Fig, 10.

Figs. 11, 12 and 13 show a set of typical predicted flow nets at flow
No. 5. Again, although there is a significant difference between predicted
and measured head differences with the non-linear equations, both are
markedly superior to the Darcy Law based net.
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6.4 Unconfined Flow Through a Permeable Wall :

In this case the aggregate was retained between two vertical sheets of
metal gauze placed perpendicular to the direction of flow and approximately
3 ft. apart, thus simulating a simple two-dimensional cofferdam situation.

The results are shown in Fig. 14 and in this case the error involved in
using Darcy’s Law is 469, whereas both non-linear predictions are within
1%.

a
8
G- 2
4 o
=4 -
@ -
<]
£ 04 7
oo 7
& L
8 s
a 4
%
/
¥
-
03
ya 4=~ | EXPERIMENTAL
/': #—a  |DaRcy
4 ° FORCHHETUER

EXPONENTIAL

02
7// +
’

0.0 0.5 1.0 1.5 2.0 2,75

1y 2(pet
Byt-h A (re)

Fig. 14,—Discharge Comparisons for Permeable Wall Flows.

6.5 Flow Through Model Dams:

Details of these experiments have been reported elsewhere (Ref. 36)
but the resulting flow nets together with the relevant discharges are repro-
duced below for convenience (Fig. 15).

FLOW THROUGH DAM WITH NO CUT-OFF WALL

EXPERIMENTAL DISCHARGE = .114 CUSEC/FT
THEORETICAL DISCHARGE (DARCY) = .890 CUSEC/FT
THEORETICAL DISCHARGE (FORCHHEIMER) = .110 CUSEC/FT
THEORETICAL DISCHARGE (EXPONENTIAL)} = .107 CUSEC/FT

NONLINEAR FINITE ELEMENT SOLUTION
EXPERIMENTAL FREE SURFACE
DARCY FREE SURFACE

FLOW WITH IMPERVIOUS CUT-OFF WALL
EXPERIMENTAL DISCHARGE 076 CUSEC/FT

THEQRETICAL DISCHARGE (FORCHHEIMER} 073 CUSEC/FT
THEORETICAL DISCHARGE {EXPONENTIAL) = .071 CUSEC/Fi

Fig. 15.

Again it will be evident that the non-linear equations give much better
predictions than the Darcy equation with respect to discharge.

It is interesting to note however that there is little to choose between
the methods as far as the prediction of the flow net is concerned. This is
of considerable significance in relation to stability calculations.

CONCLUSIONS

Traditionally, analyses of flows in porous materials have been largely
restricted to flows for which Darcy’s Law holds. There have been two
reasons for this:

() flows through fine grained materials (less than 1 mm. average
dimension) generally obey Darcy’s Law and

(i) analytical techniques for solving Laplace’s equation, which is

the field equation for Darcy flow, are well developed and, indeed,
analogous field relations hold in a number of other disciplines.

More recently it ‘has become possible to investigate complex solutions
of the'Laplace equation using numerical techniques. Extension of these
numerical procedures to solve more complex field equations has been a
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logical development so that it is now possible with very little additional
effort (and possibly some additional computer time) to solve seepage prob-
lems which extend the basic head loss-flow relation well beyond the limits
of wvalidity of Darcy’s relation.

A natural step in this development has been to seek the most suitable
and appropriate head loss-flow relation and although the literature abounds
in empirical formulae it is interesting to note that a closer look at the fluid
dynamics of porous media flow in terms of advanced numerical techniques
has yielded a rational method of attack.

Flow through porous material can be viewed: (i) as a clastic problem
and (ii) as a continuum problem. By considering the clastic problem it
has been possible by integration to extend the basic flow relation within the
power to a continuum relation which is representative of a given porous
material and a given fluid.

It has been shown that under certain circumstances this relation
reduces exactly to a Forchheimer relation whereas more generally the
constants in the Forchheimer relation must be treated as variable. For
certain idealised flows these variables can be accurately determined by
numerical methods.

The rationale of the Forchheimer relation has been supported by a
variety of experimental studies including a comprehensive series of tests
using a parallel plate model—an extension of the Hele-Shaw apparatus.

Development of finite difference and finite element methods for solving
the field equations resulting from a Forchheimer relation has been under-
taken to illustrate that such problems present no serious difficulties to the
present day engineer.

Finally the construction of a large scale experimental porous media
tank has allowed the accuracy of these techniques to be checked against
field conditions simulated in the laboratory. These tests have shown that
serious errors in discharge estimation may be made if the Forchheimer
relation is not used to replace Darcy’s equation and that the Forchheimer
relation appears to give satisfactory results providing the appropriate
coefficients are carefully determined.
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APPENDIX
(a) Three-Dimensional Derivation of Forchheimer Relation:

The three-dimensional Navier-Stokes equation in the x-direction for
steady, incompressible flow is

7, 7 7 1 9(yh
uj—l—v~u+w—u=—~ (7)—}—vV2u ............ (A1)
Ox oy 0z p Ox
and therefore
1 o(yh) ou + av+ aw+ ou ov
o — gy — o o
p Ox Yo Vo ox ”ay vax
0 0
+ ai‘f‘wavzf‘vv2u
1 9U?
= — — & —wey — v VW i, (A2)
2 ox

A A N N
where U =ui +ovj +wk, and &, &, & are vorticity components
defined in the usual way.

Converting Eq. (A2) into dimensionless form as in Section 2.2 where
RN = VL/v gives

oh uV _ 180 __
P L7 [V2 u — RN(E Pl vVE — W ey):l ...... (A3)
uwV
= 2 B RN) (AD)

which can be compared with Eq. (13).
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(b) Turbulent Flow—Two-Dimensional Derivation :

Note—In this derivation bars over symbols are psed to denote mean
values with respect to time. Dimensionless quantities are distinguished
by using the subscript d as in uqg .

If instantaneous velocities, e.g., u are defined by u = u -+ u* where u*
is the instantaneous variation from the mean then the two-dimensional
equations for steady flow (Ref. 44) are given by

_ Bu |, duh a(vh, _
P(uf Loy _ Ak +uViag (A5)
0x; 0x; 0%
which can be rewritten as
1o(h)  _ou | _du  _ ow out ,
—; o0x ‘”ax v6y+u ax+v Ehvvu (46)
1902 __ 1 out
=3 ~ve+u1——+v‘vaV2u (AT)
where
U2 =02 4 9% eeeeeeeeeeeeeeeee (A8)

and in dimensionless terms

T % - (1 362,1 . ouly 8u’d)
= *#! V — RN{ - - + u? + vt !
! yL? ua 2 Oxa va ta wa Oxa va oya

which can be written in a Forchheimer format as for Eq. (A4) with modi-
fied coefficients.
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Longitudinal Shear Stress Concentration Produced by a Long Straight Opening
in an Elastic Mass

By R. G. Fripay, B.E., M.EnG.Sc., M.1.LE.AUsT. *

Summary.—The stress concentration factors relating three dimensional
field stress to stresses at the boundary of a long straight opening of uniform
cross-section, may be readily determined except for those relating longitu-
dinal shear stresses. A theory developed in this paper leads to the principle
that longitudinal shear stress at any point is given by modulus of rigidity
times the gradient of longitudinal displacement (w), where w satisfies
Laplace’s equation in the region outside the opening and the necessary
boundary conditions. A method of solution by conformal mapping is
outlined and results for certain openings are tabulated.

LIST OF SYMBOLS

XV, 8 Reference axes (see Fig. 1 (a)).

n Normal

r Tangential axes at a point on opening boundary.
) Longitudinal

a Direct stress | Subscript F applies to stresses remote
T Shear stress from opening.

v Poisson’s ratio.

G Modulus of rigidity.

Az, azq s etc. Stress Concentration factors.

U, v, w Displacements in x, y, z directions.
€ Direct strain.

% Shear strain,

r, 0 Polar co-ordinates (see Fig. 2).

a : Radius of a circular opening.

Z = x +1iy Complex variable.

{ = a cis 8 Complex variable.

A, B, C - - - Transformation coefficients.
m, N Integers.

1.—INTRODUCTION

In designing an underground opening it is generally required to estimate
the stresses in the rock close to the excavation boundary. This paper is
concerned with the relation between the three-dimensional field stress and
the stresses around a long straight opening of uniform cross-section. This
relation must also be known to calculate virgin stresses from stress measure-
ments taken at a tunnel boundary.

It is assumed that the opening occurs in a homogeneous, isotropic
elastic mass of material which, away from the disturbing influence of the
opening, is uniformly stressed. The stress distribution around the open-
ing is the same whether the opening is cut before stress application, as in
many engineering structures, or after stress application as for excavations
in rock.

Fig. 1 (a) shows the six components of the virgin stress field and the
opening with its axis in the z-direction. The x-axis has been directed
vertically for convenience in analysis later. Fig. 1 (b) shows the three
stress components at a point P on the opening boundary. These three
components may be expressed in terms of the field stress components thus:

O =Ap 0uF + Ay OyF F Gy ToyF  ceeerereenerneeniruecnnemnneaineenen 1)
o, =o,p + va, — 1) o,r + vay, — 1) oyr + vauy Toypr  on.... @
Ty = Qyg TyaF + Quz ToaF eevvnrveaennan, eernrenensenranbae e naeens (€)]

in which the a’s are stress concentration factors applying at the point P
considered. These three equations were given by Hiramatsu and Oka
(Ref. 1). The stresses o,r, o,r and 7., appear in Eq. (2) to satisfy the
condition that excavation of the opening produces no change in longitudinal
strain,

The stress concentration factdrs a,, a, and a,, may be determined
readily by two-dimensional photoelastic models (Ref. 2) or by mathematical
methods (Ref. 3).

The author could find no reference giving a general solution for de-
termining the longitudinal shear stress concentration factors a,. and a,, .
Ref. 6, Ref. 1 and others provide theoretical results for the region around a
circular opening. Hiramatsu and Oka (Ref. 1) determined values of a,,

*Paper No. 2978, submitted by the author on 21st September, 1970.

The author is Senior Mining Engineer, Research and Development Section, North
Broken Hill Ltd.
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Fig. 1 (a).—Opening in Three-Dimensional Stress Field.

t
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!

Fig. 1 (b).—Stresses at a Point on the Opening Boundary.

and a,, for certain openings by three-dimensional photo-elastic experi-
ments. However, the technique is rather specialized and the resuits
obtained for a circular opening did not agree well with the theoretical ones.

2,—THEORY FOR LONGITUDINAL SHEAR
2.1 General Solution:

The approach followed is similar to that in the Saint-Venant solution
for torsion of prismatic bars (Ref. 4, p. 259). :

The application of a field longitudinal shear stress such as 7,,r or
7,-7 will produce warping of planes perpendicular to the opening axis
(z-axis).

w = w(x, y)
Since the cross-section is uniform there will be no change with respect to z.
Therefore

Jw

No displacement perpendicular to the z-axis can occur. For example,
if the application of 7,,r were to produce a displacement u ==k 7,.r at
a point, then the application of — r,,» would have to produce a displacement

u = — k 7..r at the same point. Such behaviour is inconceivable in the
model considered. Therefore
u=0v=0 5)
Because of Egs. (4) and (5),

€z=€v=€z=7’zw=0

Gp=0y,=0, =74, =0 . 6)
But

G -G (av . Ow
Tye = Yy = o= + oy
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and since v = 0

ow
Ty = ?y“ ................................. (O]
Similarly
ow
Tee = G am ®
For equilibrium, since o, does not vary with z
07y, 07,
% + 5 0 (Ref. 4,p.229) ......... 9
Substituting Eqs. (7) and (8) gives
2w 2w
2 + Fry =0 e (10)

That is, the displacement parallel to the opening axis satisfies Laplace’s
equation.

2.2 Boundary Conditions :
At the boundary of the opening

Tae =0
and 7, =0
The first is already satisfied by Eq. (6). The second will be satisfied by
putting
ow
Yar = Fn‘ L Y R (11)
at the opening boundary.
The conditions away from the influence of the opening are
Tyz = TyzF
Tz = TazaF
Substituting Egs. (7) and (8) gives the conditions remote from the opening:
ow 1
= TyF
vy G 7
................................. 12
ow 1 a2
x G Teak

2,3 Principle :

The magnitude of the longitudinal shear stress at any point is given
by G times the gradient of w (longitudinal displacement) where w satisfies
Laplace’s equation (10) and the boundary conditions (11) and (12). The
direction of the shear stress on the x-y plane is given by the direction of
the gradient.

3.—METHODS OF SOLUTION
3.1 General:

The shear stress distribution around an opening of given cross-section
could be determined by mathematical analysis, finite difference method
or analogue methods.

An attempt was made to obtain solutions by measuring relative voltage
gradients on a sheet of conducting paper with a hole cut at the centre to
represent the opening shape. Consistent results were not obtained.
The results below were obtained by mathematical analysis.

3.2 Circular Hole:

The solution for shear stress in the region around a circular hole in a
mass under longitudinal shear stress is mathematically identical to that
for ideal fluid flow past a circular cylinder (Ref. 5, p. 547) (see Fig. 2).

X
T2xF

Fig. 2.—Longitudinal Shear Stress Distribution Around a Circular Opening.

For field stress 7,,r

a\? a\*
T = TzeF 1 2(7) cos 28 + (T)

At the boundary r = a

Ty = — 2 7,.psin 8
This agrees with previous theoretical solutions (Ref. 1 and Ref. 6).

3.3 Openings of Other Shapes:

A single opening of any cross-section may, in principle, be dealt with
by conformal mapping using transformations Z = f({) of the form
B cC D
Z=A0+—+—=+—+--
L TG A
This produces a 1-to-1 transformation of points outside the unit circle on
the {-plane to points outside a corresponding boundary on the Z-plane.

If the transformation coefficients A4 to P are restricted to real values
then only openings symmetrical about the x-axis may be dealt with. This
restriction is applied to simplify the work from here on.

An opening boundary on the { plane defined by the unit circle { =
cos B + tsin B is transformed on the Z-plane to an opening boundary
defined by

x=(A4+B)cosp+Ccos28+Dcos3+---+P

-+P

y=(4 —B)sinp —Csin28 — Dsin3f — - - ~
whereZ = x + wy.

By choosing suitable values for the coefficients 4 to P the boundary
on the Z-plane may be made to approximate any shape having symmetry
about the x-axis.

Laplace’s equation is still satisfied after the transformation and by
analogy with solutions for fluid flow (Ref. 5, p. 543) it is found that the
magnitude of the shear stress at a point Z, on the Z plane is obtained by
dividing the magnitude of the shear stress at the corresponding point f,
on the {-plane by |f" (L)}

Tz, = Ttlgo/ lf, (zo)[

Now for the transformation (14)

For points on the opening boundary { = cos B + ¢sin 8, the first five
terms of (14) give
[£ (L)l = +/[A? + B® 4 4C* + 9D* 4 16E*
+ 2 cos B (2BC + 6CD + 12DE)
+ 2 cos 28 (—~ AB + 3BD + 8CE)
+ 2 cos 38 (— 24C + 4BE)
+ 2 cos 48 (— 3AD) + 2 cos 58 (— 44E)] ...(17)
For points remote from the opening|f’ (£)| approaches 4. To obtain
equality between the shear stresses remote from the opening on the Z- and
{-planes the factor A4 is introduced to Eq. (16). Eq. (13) is re-written to
refer to the {-plane:

Tigy = 2 TyaF sinﬁ

and substituted in Eq. (16). Then

T”ZO = = 2 TegF sin ﬁ

_4
7 (L)l

The shear siress concentration factor is then

_ 2sin B A4
= ——lf/ Qo e (18)

where [f’ ({;)] may be calculated from Eq. (17).
For field stress 7,,7 Eq. (13) becomes (see Fig. 2)

mw
Ty = —2‘r“psin(0 —7)

= 2 74,F cos 6.

Tuz

Ayz ==
TzaF

The shear stress concentration factor is then
Tz 2cos B A
Ty:F 1f (Ll

Ay =
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TABLE 1
Transformation Coefficients and Longitudinal Shear Stress Concentration Factors for Various Openings
Circle 2:1 Ellipse Square 2:1 Rectangle Horseshoe Particular Tunnel
X X X X X X
Opening T
(Height ‘# = 1) d P ol t ad adl yy
y y y y y 7 -
\ r r '
Coefficients in Eqs. (15) r=hg r=hs bt
A 0.5 0.75 0.5763 0.8639 0.5215 0.6586
B 0 -0.25 0.0000 —0.2652 0.0047 —0.1272
C 0 0 0.0000 0.0000 0.0170 0.0585
D 0 0 —0.0777 —0.1161 —0.0218 —0.0438
E 0 0 0.0000 0.0000 0.0137 0.0257
F 0 0 0.0000 0.0146 —0.0044 0.0159
G 0 0 0.0000 0.0000 0.0005 —0.0081
H 0 0 0.0013 0.0022 —0.0001 —0.0035
B all aﬂl aZZ aJIZ all a‘VZ az:c ayz an: ayz azz a‘llZ
0 0.00 2.00 0.00 1.50 0.00 1.44 0.00 1.24 0.00 2.03 0.00 191
15 —0.52 1.93 —0.40 1.49 —0.41 1.54 —0.34 1.26 —0.53 1.97 —0.49 1.82
30 —1.00 1.73 —0.83 1.44 —1.13 1.96 —0.82 1.42 —1.01 1.76 —0.85 1.48
45 —1.41 141 —1.34 1.34 —2.44 2.44 —2.02 2.02 —1.42 1.42 —1.23 1.23
60 --1.73 1.00 —1.96 1.13 —1.96 1.13 —3.00 1.73 —1.74 1.01 —2.08 1.20
75 —1.93 0.52 —2.64 0.71 —1.54 0.41 —1.97 0.53 —1.89 0.51 —2.34 0.63
90 —2.00 0.00 —3.00 0.00 —1.44 0.00 —-1.72 0.00 —1.83 0.00 —1.72 0.00
105 —1.93 —0.52 —2.64 —0.71 —1.54 —0.41 —1.97 —0.53 —1.72 —0.46 —1.82 —0.49
120 —1.73 —1.00 —1.96 —1.13 —1.96 —1.13 —3.00 —1.73 —1.74 —1.01 —3.12 —1.80
135 —1.41 —1.41 —1.34 —1.34 -—2.44 —2.44 —2.02 —2.02 —1.85 —1.85 —2.12 —2.12
150 —1.00 —1.73 —0.83 —1.44 —1.13 —1.96 —0.82 —-1.42 —1.21 —2.10 —0.84 —1.46
165 —0.52 —1.93 —0.40 —1.49 —0.41 —1.54 —0.34 —1.26 —0.44 —1.66 —0.35 —1.30
180 0.00 —2.00 0.00 —1.50 0.00 —1.44 0.00 —1.24 0.00 .—1.50 0.00 —1.27

4.—COMPUTER PROGRAM
A computer program was developed to

(a) determine the transformation coefficients for an opening boundary
defined by x and y co-ordinates of up to 10 points above the x-axis
and 2 points on the x-axis,

() plot the resulting mathematical outline according to Eq. (15),
(c) calculate shear stress concentration factors according to Egs. (18)
and (19) for a succession of points around the boundary.

Part (a) was based on the method followed in Ref. 3 and is outlined
in the Appendix. The program was run on the CDC.6400 computer at
the University of Adelaide.

5.—RESULTS
Table I shows transformation coefficients and longitudinal shear stress
concentration factors for several opening shapes. All the openings are
symmetrical about the x-axis.
It was found that 8 terms in the transformation Eq. (14) were sufficient
to give a good approximation to the opening shapes considered. In the
diagrams of Table I the y-axis has been positioned to make the term P zero.

6.—CONCLUSIONS

A theory and procedure for determining the distribution of longitudinal
shear stress around a long straight opening of uniform cross section in an
elastic mass, has been developed.

The procedure used in Ref. 3 to mathematically represent openings
having two axes of symmetry has been extended to openings with one axis
of symmetry and could be extended to unsymmetrical openings if required.
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APPENDIX

The shape of the opening boundary to be mathematically approxi-
mated may be defined by listing pairs of x and y co-ordinates through which
the boundary must pass. Because of symmetry about the x-axis points
with y > 0 only, need be considered. The corresponding range of g on
the { plane is 0 << B < =,

Consider N points above the x-axis and two points on the x-axis.
Substituting in Egs. (15) gives:

For g =0,
% =A+B+C+D+~-~-+4+P
Y =0

FOtB=1r,
x,,=——A—B+C—-D+E———-—+P
Vg =
P (x°+x")~C—E———*

2
and

A+B:(xo_x")fD-‘F—*-“

For0 < B < m,
X == (A + B)cos B, + Ccos 2Bm + Dcos 38, + - — - + P
VYm =(A — B)sinB,, — Csin 28, — Dsin3f, — - - -
where m = 1 to N and B,, is unknown.
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Substituting for P and (4 + B) gives

C(1 — cos 2 B,) + D(cos B, — cos3 B,) +
+ EQ1 — cos4B,,) + F(cos 8, — cos 5 B,,) +
+ ___________________
_ ot xn) | o T %) B+ xm = 0 P (20)
2 2
and
QOsinf, +Csin28, +Dsin38,, +- - -+, =0 J

where Q = B — A4.

There are thus 2N non-linear equations to determine values for N £s
and N coefficients Q, C, D, E, — — -,

The equations were solved as in Ref. 3 using Newton’s method. Let
the left-hand side of one of the Egs. (20) be g. Choose approximate values
for the coefficients and B,,. ¢ should be equal to zero. If it is not, then
the changes required in the values are related by

9, )
s A0+ =2

4 og og
_° 2 PR - =0
0 aCAC+aDAD+aE AE + + ABn + g

%Bm

The changes required are determined by solving the 2N linear equations
of the form of Eq. (21). Successive iterations usually give convergent
values for the 8’s and coefficients. If not, a fresh start should be made with
altered initial estimates,

The data required to run the program is:
x-co-ordinate for top of opening (x,).
x-co-ordinate for bottom of opening (x,).

Number of intermediate co-ordinated points (N).
Tolerance on fitting to co-ordinated points.
Maximum number of iterations.

B-interval between points for plotting and determination of shear
stress concentration factors.

Plotting scale.

N pairs of x,y co-ordinates through which the boundary must pass
with stated tolerances.

One or more sets of estimated f values for each of the co-ordinated
points.
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A Mathematical Method for Determining the Anisotropic \;Iel':cvcityvof P-Wave
Propagation and for the Seismic Location of RockbursgsA

By S. Bupavari, PH.D., M.Aus.].M.M. *

Summary.—A mathematical method is presented for determining the
velocities of P-wave propagation when the anisotropy of the rock mass is
characterised by an ellipsoidal type velocity law. The analysis is developed
using measured seismic data obtained by firing charges of explosives at
known locations in the rock and registered by a network of seismometers
distributed around the mine workings. In the second part of the paper
the already determined in-situ seismic velocities of P-wave propagation are
utilised in the derivation of a set of simultaneous linear equations necessary
for the location of the focus of an actual rockburst.

INTRODUCTION

One of the major hazards generally associated with deep level mining
is the phenomenon of rockburst which is a sudden and violent failure of the
rock in the vicinity of mine openings. For several years, intensive research
has been carried out into the causes and the nature of rockbursts. The
statistical analysis of empirical data, the study of rock properties and the
seismic location of the foci of rockbursts have been used to enhance the
basic understanding of the mechanism of rockbursts (Ref. 1).

In this search, the application of seismic techniques to locate the foci
of rockbursts with respect to the underground workings is particularly
important. Although several research centres and large mining companies
(Refs. 1, 2, 3 and 4) built recording equipment and carried out field ob-
servations, most of the publications on this subject is due to Cook.  Cali-
bration measurements conducted underground in homogeneous massive
quartzites by Cook (Ref. 1) showed that 909, of the seismic paths had veloci-
ties between 18.1 and 18.9 ft./millisec. Under these circumstances the
assumption of isotropic propagation of P-wave velocity was justified.
However, preliminary analysis of the field observations recorded by Bhatta-
charyya (Ref. 5) at Kolar Gold Field in India indicates that the velocity of
P-wave propagation is directionally dependent. Anisotropic behaviour
with an ellipsoidal distribution of moduli was also found by Douglass and
Voight (Ref. 6) and Peres Rodrigues (Ref. 7) to be a characteristic of several
granites. When such anisotropy is significant, it may be necessary to apply
a method of analysis to the location of the origin of a rockburst which
takes into account the anisotropic velocity of a seismic wave propagation.
It is the purpose of this paper to describe a mathematical method which
can be used to determine this inherent rock property and to locate the focus
of a rockburst in an idealised anisotropic rock.

In the context of this paper the network of seismometers distributed
in that region of a rock mass where a rockburst is to be expected to occur
can serve a dual purpose. First they can be used to register the times of
arrival of a seismic event initiated by firing a charge of explosive at a point
of known location. If the initiation time of the blast is also obtained from
the recording of a seismometer placed very near the blast location, then
the in-situ velocity of the P-wave propagation can be determined by the
general analysis to be described. The second purpose of the seismometers
is to register the times of arrival of the P-waves in case of an actual rockburst.
From the recorded data, using the already determined seismic velocities,
the co-ordinates of the rockburst focus can be easily calculated. It is
assumed in what follows that the variation of the velocities of P-wave propa-
gation around a point are governed by -an ellipsoidal type of law and that
these velocities are uniform in their respective directions. Because of the
law accuracy of recording the time of arrival of the S-wave on short distances
involved, the time of arrival of the P-wave is used only in the analysis pre-
sented here.
DETERMINATION OF THE ELLIPSOID OF ANISOTROPIC

VELOCITY

In order to obtain the necessary information from an experimental
investigation it is required to record the initiation time of a blast and the
corresponding times of arrival of the P-wave at the individual seismometers

*Paper No. 2945, submitted by the author on 22nd July, 1970.
The author is a Senior Lecturer, School of Mining Engineering, The University of
New South Wales.
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in the network. From these data the time interval for the transmission of
the seismic event through the rock to each of the seismometers are deter-
mined. Then, knowing the co-ordinates of the blast point and those of
the seismometers, the P-wave velocities along réspective lines from the
centre of the explosion to the individual seismometers are directly cal-
culated. If the network contains a sufficient number of seismometers both
the magnitudes and. orientations of the principal axes of the ellipsoid of
anisotropic velocity of P-wave propagation can be determined.

Using the mine co-ordinate system as a basic frame of reférence, let
the co-ordinates of the blast point be denoted by

(%05 Yo 20)
and those of the seismometers by
F531520)5 (K25 ¥2520)5 -0 (Kis¥is5 205 . x (XnsYns2a)
The distance d; between the blast point and the -th seismometer is given by

di = V(xi — %)* + s —30)* + (3 — 20)?

Denoting the time of arrival of the wave by r; and the initiation time by
t, the velocity v, to the i-th seismometer along the assumed straight seismic
path is

If «;, B;, y: are the angles between a directed line and the x, y, 2 axes of

the co-ordinate system, the direction cosines of the line from the blast point

to the corresponding seismometer are expressed by:

X; — Xg COSB - Yi — Yo cos . Z; — 2y
di 3 z di 2 yt d'

From Egs. (2) and (3) the equations for the velocity components of v,

along the x, y, z axes respectively can be deduced:

COos ®; = -

Vg = 0;COS &, Uy = U; COS f;, U,y = U; COS 5
If a new co-ordinate system, with its axes v, , v, , v, directed parallel
to the x, y, z co-ordinate axes respectively, is introduced so that its origin
coincides with the blast location, then the general equation of the central
velocity ellipsoid in this ce-ordinate system may be written as:
av,* +bv,? +cv?+2fv,v, +2gv, v, +2hv, v, —1=0 ...(5
The unknown constants a, b, ¢, f, g and % can be determined by sub-
stituting the velocity components, calculated from the actual measurements
as shown above, into Eq. (5). The observations at each seismometer yields
one such equation and for # seismometers the following set of equations
is obtained:
avzlz + bvvl2 + cvzlz + vayl Va1 + ngzlv.tl +
+2hvyv, —1=0"
avwzz + b Az)1122 + C‘vzzz + vayz Vs + 2gvz2 vx2'+
+ 280,50, — 1 =0

. (6

av,® + b0, v+ 2f v, U, + 280,V
+ 2hv,;0,, — 1 =0

AV b0, v+ 2f U, a0t 28 Ve Vi
+2hv,, 0y, —1 =0

Since the resulting set of linear equations contain six independent constants
it is necessary to have six independent equations (n = 6), in order to deter-~
mine the unknown constants exactly. The network must, therefore, con-
tain at least six seismometers which do not all lie in a common plane.



16 THE SEISMIC LOCATION OF ROCKBURSTS—Budavari.

If more than six seismometers yield equally weighted observations,
it can be shown that using the principle of least squares, the most probable
values of the constants can be calculated from the normal equations:

(Zv.Ma + (T2 0,00 + (Zv2 0,00 +
+ 2 Lva® v, v + 2AToaP vg -
+ 2(Lvt v,k — vyt =0
(Zva20,0a + (B0, + (T, 0.0 + '
+ 2(Zvy® vdf + A0 0,0 vg +
+ 2 L0 vy Dh — Loy, =0
Cvat vada + (Zvy 0,9 + (Zv,%c +
* 2(Zv4: 0. + 2 Eves 0. +
+ 2(Zv4 vy vzizjh — v, =
(Zve? vy v.0a + (Xv,:° 0,08 + (Zv,, 9,8 +
+ 220, 0,0f + 2T, v, 0,0 +
+ 2 Ev4i Uy Vo)h — X0, 0, =0
(ZvaPveda + (Tvgi 0430 0,00 + (Togs 0,0 +
+ 2 X0 vy 0.0 + 2(Xv,tv,dg +
+ 2042 0y V)8~ Tv, 0, =0
(X082 vy + (B0 00 + (T4 vy vae +
+ 2204 9,2 0.0 + 2 Tvnt v, 0.0 +
+ 2(Xv,2 vV — Xvg v, =0

D)

In Egs. (7) the summations are carried out over the range from 1 to %,
where k is the number of observations. As stated above, it is necessary
ithat k should be greater than 6.

When it is possible to assign weights to the individual readings (w,),
the normal equations become

(Zw; vaia + (Tw; 052 0,00 + (Zw, 0.2 v D¢ +
+ AT .2 0, v0f + 2T voPv.)g +
+ 2(Xw; vt vk — Zw, vt =0
(Bw; v v:0a + (Zw, 0,90 + (Zw; 0,20, +
+ 2(Xw; v, P v + 2w v vyt 0208 +
+ 2(Zw; Vs Vi — Ew,; vy,2 =0
(Zaw; 042 v.:0a + (X, 0,2 0,06 + (Zw, v.:4)¢ +
+ 2w v, 0 + 2w 040,58 +
+ 2 Xw; 0204 VD — T vt =0
(B 0.2 0,000 + (L, 0,3 0,00 + (X, 04, 9,5 + ~®
+ 2( X, 9,2 0 + 2 E0; 02040908 +
+ 2(Zw,; Uy 042 Uk — Tw vy 0, =0
(Zw;v:30.0a + (Zw; 045:0,2 0,00 + (Zw;0,:9,.%c +
+ 2( X094 0.0 + 2(Zavs vaP v +
+ 2w Vi Vs Vodh — X Ui v, = 0
(B, 030,08 + (Zw; V0 04 + (w0494, 9,40 +
+ 2(Zw: 00 042 v + 2 Ei vt 040,08 +
+ 2B Vit VD — T Vg0, =0

Having obtained the values of constants a, b, ¢, f, ¢ and & the general
equation of the ellipsoid of anisotropic velocity of P-wave propagation
is given by Eq. (5).

ORIENTATION OF THE ELLIPSOID OF ANISOTROPIC
VELOCITY
It is known from co-ordinate geometry (Ref. 8), that in order to cal-
culate the magnitudes of the principal axes of the velocity ellipsoid, it is

necessary to determine the roots of the discriminating cubic:
NB—2A%a+b+c)+Mbctcatab—f—gt—hY)—e=0, ..(9
where e = a(bc — % — h(hc — fg) + g(hf — bg). It is shown in Ref. 8,

that all the roots of this discriminating cubic are real.
It can also be shown, that when the principal axes are taken as co-

ordinate axes Eq. (5) transforms into

AL €2+ Mrq? + A 82 =1
In Eq. (10) A1, A1r and Aprr denote the roots of the cubic equation and
¢, 7 and { are the co-ordinates measured along the principal axes of the
velocity ellipsoid. The index notation I, IT and IIT is introduced here to
distinguish between the reference number of seismometers and the prin-
cipal axes.

The comparison of Eq. (10) with the normal equation of an ellipsoid
yields the following relations for the magnitudes of the principal semi-axes
of the velocity ellipsoid:

v1 =V, vit =V1/A , viir =V 1/

The direction cosines of the principal axes, relative to the mine co-
ordinate system, can be determined by solving the following three sets of
simultaneous linear equations for the corresponding values of /; , m; and
n; the direction cosines:

Lila—A) +m;h+n;8=0

Lh+m(b—2)+nf=0

Lig+mif+n;(c—2)=0
where ; represents indices I, IT and III in turn.

LOCATION OF THE FOCUS OF A ROCKBURST

From the recording of the seismic signals initiated by an actual rock-
burst, the times of arrival of the P-waves and consequently the time inter-
vals can be determined. In this part of the paper the time intervals At
denote the time lag between the seismometer which first registers the seis-
mic event and each of the other seismometers in the network. The Atz;’s
are measured quantities and include Az, which is introduced for mathe-
matical convenience, but its value will be taken to be zero. Using this
notation the relative arrival time of the seismic event at the 7-th seismometer
can be written as

;= (t, + Az
where ¢, is an undetermined quantity and denotes the transmission time of
the P-wave from the focus to the first seismometer. It should be noted
that in what follows the reference numbers of the seismometers must co-
incide with the order in which they register the seismic signals. Therefore,
the seismometer being the first, second, third and i-th in registering the
arrival of the P-wave are referred to by the suffixes 1, 2, 3 and 7 respectively.
Although the analysis includes the determination of the numerical value of
t,, it is the ultimate aim to derive expressions from which x,,y, and z,,
the co-ordinates of the focus of a rockburst can be calculated.

The equation of an ellipsoid referred to the principal axes of the velocity
ellipsoid is given by Eq. (10). Replacing A1, A1y and A1 by 1/912, 1/v112
and 1/v11(? respectively, Eq. (10) takes the form:

62 2 §2
V1

=1

v1r® vt

If it is required to represent the ellipsoidal travelling wave surface, Eq. (14)

must be made to be a function of time. This is achieved by multiplying

the semi-axes of the ellipsoid by ¢, the time variable. Egq. (14) then becomes:
N I S
7)12

v v’

Since the initial data are referred to the mine co-ordinate system, it
is convenient to carry out the calculations using this co-ordinate system as
the basic frame of reference. Consequently Eq. (15) has to be expressed
with respect to the mine co-ordinate axes. This transformation is effected
by the following equations:

¢ =1t (ws—x)+m (¥i—y+nr (z:— 2
g = lir (o — x) +mix (Vi — ¥+ (2s — 20 ..l (16)
{ = It (x; — x.) + mirn (v; — 3o + nur{z; — z,)

Insertion of Egs. (13) and (16) into Eq. (15) and using the relations
given by Egs. (11) yields
Al (x; — x) +mi (v — v Hnilz — 21+
4+ Arr i e — %0 + man (Y — ¥ + ni (2 — 291 +
+ Arrs {lrn (e — %) + moa (v — v,) +

toamr (e -2 =@+ A an
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When i = 1, At; = 0 and

Al (e — %) + mi(yy —y) + niz — 29} +
+ Al Oy, — %) +mun(yy — y0) + iz, — 203 +
+ Arrx {lrnr (% — x0) + mynn (v — yo) +
+ nir (2, — 20} = 1,2

Eq. (17) retains its original form wheni = 2,3,...,n.
ence of Eqgs. (17) and (18) yields

Taking the differ-

AM{—-2liA;x, —2m1 A; vy, — 2n1 A; 2, + D; + 2G;} +
+ At {~ 2li1 B; x, — 2mu B;y, — 2n11 B; z, + E; + 2H;} +
+ A {— 2l Cix, — 2mini Ci v, —~ 2n111C, 2, +

+Fi 4 2L} = (@t + Ar)® — 1, ..(19)

where A, = li(x; —x) +mi(y; — ) + n1(z; — 2,)
B, = lr(x; —x) +mu(y: —y) + nu e — 2y)
C; = limx(x: — %) + mun(y: — ) + nin (2, — 2y)
e = I — X +mP (92 — D) iz — %)
E; = lh*(x? — %% + mu® (902 — 3.0 + nis? (22 — 2,9
F; = i (22 — %) + min? (3% — 3,2 + ne? (22 — z,%)
G, = limi(x;y; — %,9) +liny(x; 2, — %, 2,) +

+ mynt (¥ 2 — y121)
H; = lhimu(e:y: —xy) +hinn (e —x2) +
+ mizn (¥ 3; — ¥ 30
I; = Limxmia (v — %030 + lvnnanr (6 2 — %0 29) +
+ minynrr (Vs 2; — Y1 2)

After further simplification and rearrangement Eq. (19) takes the form:

2L; %, + 2M;y. + 2N, 2, + 2At; t; = K; — (Ar)?

where L; = Ml A; + Aixlir By + Asnn linn C;
;= Aimr A; + Adnrmyn By + Annnmnng Gy
N; = Aini4; + Anxnn B; + Anr s G
K, = M(D; +2G) + A1 (E; + 2H) + rn (F; + 21)

When ¢ =2, 3, 4 and 5 Eq. (20) yields four linear equations with
four unknowns

2Ly %, + 2M, v, + 2N, 2, + 2A5, 1, = K, — (Ary)?
2Ly x. + 2Myy, + 2N, z, + 2At, 1, = K3 — (Ar,)?
2Lyx. + 2M,y. + 2N, 2z, + 2At, 1, = K, — (At,)?

2L x, + 2M;y, + 2N, z, + 2At; t, = K5 — (At;)?

Since the three-dimensional network has been assumed to contain
at least six seismometers, it is possible to obtain a least squares solution

for the location of the focus of a rockburst. In the case of equally weighted
observations the normal equations replacing Egs. (21) are

(ZLAx. + (EM; Ly, + (EN; L)z, +
+ (ZA; Lt, — 3TLAK, — (At)? =0

(ZL; Mjx, + (EMy, + (EN; Mz, +

+ (At M, — M {K, — (At)?} =0
(ZL;Npx. + (ZM; Ny, + (ENHz, +

+ (ZAt; Nty — $EN; {K; — (At)?} = 0
(ZL; Atdx. + (EM, Atdy, + (EN; Atdz, +

4+ {T(Ar)t, — XA (K, — (At} =0

For unequally weighted observations, the appropriate normal equations
can easily be written down by following the procedure used for deriving:
Egs. (8) from Egs. (7).

.(22)

CONCLUDING REMARKS

As was stated earlier, the foregoing analysis is based on the assumptiorn
that the homogeneous rock mass is characterised by an anisotropic P-wave
propagation with an ellipsoidal velocity distribution. It is obvious that a
reliable location of a rockburst focus can only be obtained if this anisotropic
behaviour is constant throughout the regions of the rock in which the velocity
ellipsoid is determined and the rockburst phenomenon is observed. If the
stipulated condition is satisfied then the application of the above analytical
approach, due to the acceptance of the ellipsoidal velocity distribution, gives
a flexible and a useful description of this anisotropic properties of rocks.
In order to investigate the accuracy of the location of a rockburst a further
application of the analysis presented is under consideration to the study of
a number of important factors regarding the spatial distribution of seismo-
meters and the effects of fractured rock around mine excavations on the
velocity of P-wave propagation.
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Settlement and Load Distribution Analysis of Pile Groups
By H. G. Pouros, B.E., PH.D., M.LE.AusT. and N. S. Martes, B.E., STup.LLE.AusT.*

Summary.—Analyses are made of the settlement interaction between
two compressible floating piles in a semi-infinite mass, and between two
compressible piles resting on a rigid bearing stratum. The results of these
analyses are expressed in terms of interaction factors relating the increase
in settlement due to the second pile to the settlement of a single pile. It
is shown that, as previously found with incompressible floating pile groups,
the interaction factors for two piles may be superposed to analyse the
settlement and load distribution within any compressible pile group.

‘The influence on group behaviour of the compressibility of the piles
relative to the soil is examined for square groups of piles. It is found
that, for a floating pile group, the settlement interaction decreases as the
piles become relatively less compressible, and for a group with a rigid pile
cap, the load distribution within the group becomes more uniform. In
contrast, for a group of end-bearing piles, the settlement interaction increases
as the piles become relatively less compressible while the load distribution
within a group having a rigid cap becomes less uniform.

Comparisons between theoretical group behaviour and that observed
from model and field tests generally show good agreement.

LIST OF SYMBOLS
Ap Cross-sectional area of pile.

Dy Pile displacement influence factor (end-bearing pile).

[D] Matrix of factors of type D;; .

E, Young’s modulus of pile.

E, Modulus of elasticity of soil.

E’, Modulus of elasticity of soil skeleton.

sIij Displacement influence factor for soil displacement at
element ¢ due to uniform stress on element j on pile 1.

{n Unit matrix or order (n -+ 1) by (n + 1).

I Pile displacement factor.

{11 Matrix of soil displacement influence factors of type
(1Iif + 2Iij)-

K Pile stiffness factor = (Ep/E)) . Ra .

L Length of pile.

P Load on pile.

Py Average pile load in group.

Pg Total load on pile group.

P; Load on pile 7 in group.

Ra Area ratio of pile = A, /(7 d*/4).

Re Group reduction factor.

R, Settlement ratio.

Sa Maximum differential settlement between centre and corner
piles of a group with equally-loaded piles.

Smax A{llaximum settlement within a group with equally loaded
piles.

Sr Settlement of a group of piles with a rigid pile cap.

Srr Total final settlement.

Su Immediate settlement.

Y] Matrix of constants.

d Diameter of pile.

f Constant = (L/d)/(n . Ra4).

by Distance between centre of element 7 and base of pile.

{h} Vector of values of h;.

7,7,1',j7 Integers.

m Number of piles in group.

n Number of pile elements.

Po Uniform normal stress on base of pile.

P; Uniform shear stress around periphery of pile element j.

[? Vector of stresses p; and pp .

s Centre-to-centre spacing of adjacent piles in group.

o« Pile interaction factor.

%k Pile interaction factor between piles % and ;.

8 Length of pile element = L/n.

P Group displacement.

p1 Displacement of a single pile under unit load.

{op] Vector of pile displacements.

Isrl Vector of soil displacements.

v, Poisson’s ratio of soil.

vy Poisson’s ratio of soil skeleton.

*Paper No. 2925, submitted by the authors on 6th May, 1970.

The authors are, respectively, Senior Lecturer and Research Student, School of GCivil
Engineering, The University of Sydney. udent, School of Livi

1.—INTRODUCTION

Theoretical analyses of the behaviour of pile groups have recently
been reported by Pichumani and D’Appolonia (Ref. 8) and Poulos (Ref. 9).
In the former paper, solutions have been presented for the distribution of
load and the displacement of square pile groups, both floating and end-
bearing, in a soil which exhibits perfectly elastic-plastic behaviour. In
the latter paper, the behaviour of groups of incompressible floating piles at
working loads has been analysed and it has been shown that the principle
of superposition may be applied to analyse the settlement and load distribu-
tion in any general pile group. Solutions have been presented for square
pile groups for a wide range of cases, and the effects of group size, pile
spacing and length-to-diameter ratio on the behaviour of the groups have
been considered. In both papers, use is made of elastic theory, and com-
parisons between theoretical and observed group behaviour show reasonable
agreement.

Neither of the above papers however examines the influence of the
pile compressibility on group behaviour, although the method of analysis
of Pichumani and D’Appolonia (Ref. 8) is capable of taking this into ac-
count. In this paper, a method for analysing the behaviour of groups of
compressible piles, both floating and end-bearing, is presented. The method
of analysis presented here for general pile groups has some advantage over
the general computer method presented by Pichumani and D’Appolonia
in that it is amenable to hand calculation. Also, in the present analysis,
the shear stresses acting on the pile surface are approximated by a series
of uniformly distributed loads acting around the surface of the pile whereas
the analysis of Pichumani and D’Appolonia assumes a series of point loads
acting along the pile axis. The former approximation has been shown to
be more accurate by Poulos and Davis (Ref. 10).

Theoretical solutions for the settlement and load distribution in com-
pressible pile groups are presented, with emphasis placed on examining the
influence on group behaviour of the relative compressibility of the piles.
Comparisons are then made between theoretical and observed settlement
characteristics to determine the applicability of the theoretical approach to
real problems. The use of the theory in practical problems is subsequently
discussed.

The work in this paper is an extension of the work described by Poulos
(Ref. 9) for incompressible floating groups, Mattes and Poulos (Ref. 7)
for a single compressible floating pile, and by Poulos and Mattes (Ref. 11)
for a single end-bearing pile. Attention is confined to the case of floating
piles in a semi-infinite elastic mass and end-bearing piles resting on a rigid
bearing stratum. All groups are assumed to be free-standing, i.e., there
is assumed to be no contact between the soil and the pile cap. No account
is taken of the effects of yield within the soil, although the analysis could be
modified to take this aspect of soil behaviour into account (see for example,
Pichumani and D’Appolonia, Ref. 8). However, from the analysis of a
single compressible pile by Mattes and Poulos (Ref. 7), it would appear likely
that the effects of local yield within the soil at normal working loads are
unlikely to be significant unless the piles are very compressible.

2.—ANALYSIS OF A GROUP OF TWO PILES
2.1 Floating Piles :

Two equally-loaded, identical, cylindrical piles in an ideal semi-
infinite mass having constant elastic parameters E; and v, are considered,
as shown in Fig. 1. The piles are of length L, diameter d and cross-sec-
tional area Ap, and are spaced at a centre-to-centre distance s. The
elastic modulus of the pile material is E, , and each pile is divided into »
equal cylindrical elements, any element j being loaded by a uniform vertical
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Fig. 1.—Group of Two Floating Piles.
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shear stress p; acting around the periphery of the element, and a circular
base acted upon by a uniform vertical stress py . Since elastic conditions
are assumed at the pile-soil mterface, the displacements of the pile and the
soil at each element are equated in order to solve for the 7 unknown stresses
pj > the base stress p», and the corresponding displacement distribution
along the pile.

It has been shown by Poulos (Ref. 9) that the soil dnsplacemems at the
element centres along the pile may be written as

[sp] = Es 1. 1]
where [ 1] is the » + 1 by n 4+ 1 matrix of soil displacement influence
factors, any element ([ reprcsennng the displacement influence at
point ¢ of stress on element j of pile 1 and pile 2, and [p] and [,p] are
(n + 1) stress and soil displacement vectors. All elemems of [I] are ob-
tained by double integration of the Mindlin equation as described by Poulos
and Davis (Ref. 10).

Because the condition of no slip between pile and soil has been im-
posed, Eq. (1) can be combined with the equation obtained by Mattes and
Poulos (Ref. 7) relating pile deformations to the stresses acting over the
surface of the pile to give the equation

o1 = [ - K. 0. [511]

4(L/ d)?
where [I] is the unit matrix of order n + 1 by n + 1,
= (Ep/E,). Ra, the pile stiffness factor, which is a measure
of the compressibility of the pile relative to the soil
(the smaller the value of K, the more compressible is
the pile),
R4 = Ap/(w d*/4) = ratio area (for solid piles, R4 = 1),
[pI]is an (n + 1) by (»n + 1) matrix of coefficients of pile action,
{Y] is an (n + 1) column vector.
Eq. (2) can be solved with the equilibrium equation,

= dL w d?
P—T p; +

<P e 3
j=1

to obtain the unknown stresses acting on the pile, whence the displacement

distribution may be determined from Eq. (1). The range of values of the

pile stiffness factor K likely to occur in practical problems is discussed in

Section 7 of this paper.

2.2 End-Bearing Piles :

As shown in Fig. 2, two equally-loaded identical cylindrical piles of
diameter d, length L, cross-sectional area A and material elastic modulus Ep ,
resting on a perfectly rigid base, are considered. Each pile is divided into
n equal cylindrical elements while the soil layer is again assumed to be
an ideal elastic material with constant elastic parameters E_ and v, .

The soil displacement at each element may be calculated as for the
floating piles, except that an allowance must be made for the influence of
the rigid base on the soil displacements. An approximate method whereby
this may conveniently be done has been suggested by D’Appolonia and
Romualdi (Ref. 2) in which a mirror-image element j* of element j, loaded

by an equal and opposite shear stress, is introduced. This method has
been used by Poulos and Mattes (Ref. 11) in dealing with the behaviour
of single end-bearing piles. Taking downwards displacements as positive,

P
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1 ! __‘
— — — I
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- = — — 1
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s0il
{ and rigid bearing strotum. g0 4 Pile 2

Stresses on Piks

_ Mip PJ ) Imegrary _Hip

| Imaginary Surface
Stresses on Soil Adjacent to Piles.

Fig. 2.—Group of Two End-Bearing Piles.

and referring to Fig. 2, the soil displacements along either pile may again
be expressed by Eq. (1), where [ ] is now the n by » matrix of soil dis-
placement influence factors, any element  J;; being the influence factor for
displacement at ¢ due to the uniform shear stress on elements j of pile 1
and pile 2, and on elements j’ of the imaginary mirror-image piles 1 and 2.
The elements of [[I] are again obtained by double integration of the Mindlin
equation.

Since no slip is allowed between piles and soil, the soil displacement
equation may be combined with the pile action equation obtained by Poulos
and Mattes (Ref. 11) to give the following equation:

(L0 + 2 [D]] [p] = ]

d 3K
where K is the pile stiffness factor, defined in Section 2.1,
[D] is an # by » matrix of coefficients related to the pile geometry,
[A] is the vector of distances from the rigid base to the centre of
pile elements.

Eq. (4) may be solved for the unknown stresses p on each pile whereby
the displacements can be calculated. The load transferred to the pile
tip is calculated as the difference between the applied load P and the sum
of the shear forces acting along the pile surface.

3.—SOLUTIONS FOR TWO-PILE GROUPS

It is convenient to define the additional displacement at the top of a
pile due to an equally loaded identical adjacent pile in terms of an inter-
action factor o (Ref. 9) where

additional displacement due to adjacent pile

o = . - —— e 5)

displacement of pile under its own load

TABLE I
Interaction Factors o for 2-Pile Groups
Ljd 10 25 100
K 10 100 1000 © 10 100 1000 o 10 100 1000 0
s/d

Floating Group 0 0.667 0.794 0.968 1.000 0.722 0.618 0.880 1.000 0.903 0.669 0.590 1.000
2 0.313 0.454 0.548 0.572 0.368 0.407 0.579 0.638 0.557 0.471 0.450 0.739
5 0.152 0.263 0.323 0.333 0.177 0.264 0.396 0.439 0.324 0.320 0.350 0.568
10 0.078 0.144 0.180 0.188 0.092 0.164 0.265 0.293 0.176 0.204 0.268 0.440
25 0.030 0.055 0.069 0.071 0.036 0.071 0.123 0.134 0.069 0.093 0.162 0.283

End-Bearing 0 0.554 0.158 0.020 0 0.702 0.388 0.079 0 0.901 0.656 0.397 0

Group 2 0.212 0.084 0.011 0 0.336 0.245 0.056 0 0.548 0.454 0.304 0

5 0.062 0.030 0.004 0 0.140 0.134 0.035 0 0.312 0.299 0.230 0

10 0.009 0.004 0.001 0 0.054 0.060 0.017 0 0.161 0.181 0.165 0

25 0 0 0 0 0.006 | 0.006 | 0.002 0 0.052 | 0.068 | 0.080 0
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Interaction curves showing the relationship between o and the dimensionless
centre-to-centre spacing s/d between the piles may be obtained by solving
Eqs. (2) and (3) and Eq. (5) for various values of L/d and K. Typical
interaction curves are presented in Appendix A: in all cases the Poisson’s
ratio of the soil, »;, has been taken as 0.5, and the equations have been
solved using # = 10 elements, this number having been found to give
results of sufficient accuracy for practical purposes.

The interaction curves are summarised in Table I, and an inspection
of this table reveals several trends in group behaviour. For both floating
and end-bearing groups interaction decreases as spacing increases, but for
relatively compressible floating piles interaction is still quite significant at
relatively large spacings.

For floating piles, the general trend is for interaction to increase as pile
stiffness increases; only for slender, very compressible piles (e.g., KX = 10)
at close spacings is the trend reversed.

For end-bearing piles, interaction decreases as L/d decreases since more
load is then transmitted to the bearing stratum. In contrast to the floating
piles, interaction generally decreases as stiffness increases. In most cases,
the interaction between end-bearing piles is much less than for the corre-
sponding floating piles.

In comparison with the effects of K and L /d the effect of v_ on interaction
is found to be relatively slight, and thus attention is confined to the case
v, = 0.5,

Although the solutions for floating piles are only for the case of piles
in a semi-infinite mass, the solutions obtained for a single pile in a finite
layer by Mattes and Poulos (Ref. 7) suggest that the finite layer will only
significantly influence group behaviour for relatively incompressible piles;
in such cases, use may be made of the interaction factors obtained by
Poulos (Ref. 9) for incompressible piles in a finite layer.

For end-bearing piles, the influence of a bearing stratum of finite
compressibility may be inferred from the solutions for a single end-bearing
pile obtained by Poulos and Mattes (Ref. 11). For ratios of modulus of
bearing stratum Ej to soil modulus E, greater than 100, the bearing stratum
may be considered as rigid. For smaller values of Ey/E , only relatively
incompressible short piles are markedly influenced by the base compressi-
bility; in such cases, an approximate, but conservative, estimate of the
interaction factor may be obtained by considering the value of o for the
corresponding floating pile. In all other cases involving relatively slender
or relatively compressible piles, the values of « for an end-bearing pile on a
rigid base may be used with sufficient accuracy.

ANALYSIS OF PILE GROUPS—Poulos & Mattes.

4.—ANALYSIS OF GENERAL PILE GROUPS

As described by Poulos (Ref. 9) the analysis for two piles may be ex-
tended to any number of piles, provided that all piles in the group behave
identically, i.e., that the piles are symmetrically spaced around the circum-
ference of a circle. It has also been found that for incompressible pile
groups, the displacement of the group from such an analysis is almost
identical with that obtained by applying the principle of superposition,
i.e., by calculating the displacement increase of a pile in the group as the
sum of the displacement increases due to all the adjacent piles considered
in turn. For example, for a square group of four piles at a spacing of
s diameters, the displacement is given, by superposition, as

p =P p (1 + 20; + a)
where P; is the load in each pile,
p:1 is the displacement of a single pile under unit load,
o; is the value of the interaction factor « for two piles at a spacing
of s diameters,
o, is the value of « for two piles at a spacing of s \/5 diameters.

Calculations have shown that the principle of superposition also applies
closely to the top displacement of compressible floating and end-bearing
piles. For example, the correct and approximate displacements for a three
pile floating group generally agree to within 29%,, while for the corresponding
end-bearing group, the correct and approximate displacements agree to
within 109%, the larger errors being associated with high values of K and
small spacings. In view of the generally small amount of interaction be-
tween piles in the latter case, the accuracy of the method of superposi-
tion appears to be quite satisfactory for practical purposes.

As with the incompressible groups considered previously by Poulos
(Ref. 9), the applicability of the principle of superposition to symmetrically-
spaced groups suggests that it may be employed to analyse general pile
groups. Thus, for a group of m piles, the displacement of any pile %2 in
the group is

m
Px = p1 Z Py.aks + py Pr
j*k
is the value of « for two piles corresponding to the spacing
between pile 2 and pile j,
P; is the load in pile j,
p1 1s the displacement of a single pile under unit load.

where ag;

TABLE 11
Floating Pile Groups, Rigid Cap. Group Reduction Factor, R¢
vs = 0.5
Group Size 22 32 42 52
K 10 100 1000 0 10 100 1000 oo} 10 100 1000 0 10 100 1000 ©
L/d
s/d
2 0.457 | 0.562 | 0.636 | 0.654 | 0.309 | 0.422 | 0.491 | 0.498 | 0.235 | 0.343 | 0.400 | 0.408 | 0.190 | 0.288 | 0.339 | 0.347
5 0351 | 0.432 | 0.471 | 0.476 | 0.203 | 0.277 | 0.313 | 0.317 | 0.141 | 0.203 | 0.234 | 0.239 | 0.107 | 0.159 | 0.188 | 0.190
10 10 0.302 | 0.347 | 0.370 | 0.374 | 0.158 | 0.196 | 0.219 | 0.221 | 0.102 | 0.134 | 0.154 | 0.154 | 0.074 | 0.101 | 0.118 | 0.118
20 0.276 | 0.295 | 0.310 | 0.310 | 0.135 | 0.152 | 0.166 | 0.166 | 0.083 | 0.097 | 0.109 | 0.109 | 0.056 } 0.069 | 0.079 | 0.079
3] 0.250 | 0.250 | 0.250 | 0.250 | 0.111 { 0.111 | 0.111 | O.111 | 0.062 | 0.062 | 0.062 | 0.062 | 0.040 | 0.040 | 0.040 | 0.040
2 0.497 | 0.534 | 0.662 | 0.718 | 0.334 | 0.404 | 0.538 | 0.588 | 0.264 | 0.336 | 0.465 | 0.506 | 0.216 | 0.290 | 0.411 | 0.450
5 0.367 | 0.436 | 0.532 | 0.547 | 0.220 | 0.290 | 0.387 | 0.415 | 0.154 | 0.221 | 0.310 | 0.334 | 0.118 | 0.179 | 0.260 | 0.281
25 10 0.313 | 0.365 | 0.435 | 0.445 | 0.166 | 0.217 | 0.286 | 0.303 { 0.109 | 0.154 | 0.214 | 0.227 | 0.079 | 0.119 | 0.171 | 0.180
20 0.278 | 0.313 | 0.358 | 0.366 | 0.137 | 0.167 | 0.209 | 0.214 | 0.084 | 0.110 | 0.147 | 0.148 | 0.059 | 0.080 | 0.112 | 0.112
0 0.250 | 0.250 | 0.250 | 0.250 { 0.111 | 0.111 | 0.111 | 0.111 | 0.062 | 0.062 | 0.062 | 0.062 | 0.040 | 0.040 | 0.040 | 0.040
2 0.640 | 0.578 | 0.565 | 0.789 | 0.492 | 0.450 | 0.457 | 0.683 | 0.401 | 0.384 | 0.406 | 0.620 | 0.339 | 0.336 | 0.370 | 0.574
5 0.471 | 0.470 | 0.502 | 0.661 | 0.311 | 0.327 | 0.375 | 0.541 | 0.234 | 0.253 | 0.311 | 0.471 | 0.187 | 0.207 | 0.270 | 0.422
100 10 0.368 | 0.391 | 0.441 | 0.569 | 0.217 | 0.241 | 0.303 | 0.437 | 0.153 | 0.175 | 0.238 | 0.364 | 0.118 | 0.139 | 0.200 | 0.315
20 0.310 | 0327 | 0.380 | 0.481 | 0.165 | 0.183 | 0.239 { 0.338 | 0.109 | 0.125 { 0.179 | 0.270 | 0.080 | 0.094 | 0.144 | 0.228
0 0.250 | 0.250 | 0.250 | 0.250 | 0.111 | 0.111 | 0.111 | 0.111 | 0.062 | 0.062 | 0.062 | 0.062 | 0.040 | 0.040 | 0.040 | 0.040
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Also, from equilibrium, if the total load on the pile group is P¢ , then

PG:nZle
j=1

Egs. (7) and (8) may be solved for two limiting conditions:

(a) equal load in all piles,

(b) equal displacement of all piles, corresponding to a perfectly rigid

pile cap.

The displacement of the group so calculated may be expressed either
in terms of the settlement ratio R, of the group, where R, is the ratio of the
settlement of the group to the settlement of a single pile carrying the same
average load as a pile in the group, or the group reduction factor Re,
where Rg¢ is the ratio of the group settlement to the settlement of a single
pile carrying the same toral load as the group. For a group of m piles, R,
is related to Rg as follows:

R, =m.Re¢
It should be noted that for a group in which all piles carry equal load, differ-
ent values of R, and R¢ may be appropriate for different piles in the group.
In practical problems, R, is likely to be the more useful quantity, but in
examining the theoretical behaviour of pile groups under elastic conditions
R has some advantage as it always lies within the range 1 to 1/m. Con-
sequently in the solutions described in the following section, displacements
are expressed in terms of Rg. It may be helpful to note that R¢ in fact
represents the settlement of the group if the settlement of the corresponding
single pile is unity—thus R¢ is a direct measure of the settlement of a
group under a given load.

To illustrate the use of the method of superposition for calculating
the settlement of a pile group, an example is given in Appendix C. Solu-
tions obtained for square groups of piles are described below.

5.—~TYPICAL SOLUTIONS FOR SQUARE PILE GROUPS

Solutions have been obtained for square groups of 4, 9, 16 and 25
piles, denoted subsequently as 22, 3%, 42 and 52 groups. Both floating and
end-bearing piles have been considered and in each case the settlement dis-
tribution within a group in which all the piles are equally loaded, and the
load distribution and settlement of a group with a rigid cap, have been
investigated.

5.1 Floating Pile Groups:

Group reduction factors Re for typical floating pile groups with rigid
caps are given in Table II. For all groups, R¢ decreases as the pile spacing
increases, and in almost every case, R¢ decreases as pile stiffness K de-
creases, the only exception being groups of slender, very compressible piles
at very close spacings.

For a given spacing, R decreases as the number of piles in the group
increases. If however Rg is plotted against total group breadth, as in
Fig. 3, the influence of the number of piles in the group is much smaller,
and for larger groups Re does not vary greatly with the number of piles
in the group. For groups containing more than 25 piles it appears that,
for a practical range of group breadths, a common limiting curve of Rg
versus breadth, almost coincident with the curve for the 52 group, is ob-
tained. The dependence of R¢ on group breadth rather than on the actual
number of piles has also been noted by Poulos (Ref. 9) for incompressible
groups.

10 T T —T

[¢] 5 10 15 20 25 30 35 40
Breadth of Group /d

Fig. 3.—R¢ versus Group Breadth—Floating Groups.
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For a pile group in an ideal two-phase elastic soil mass, it is possible
to calculate the ratio of immediate to total final settlement. Su/Srr, as
described by Poulos and Davis (Ref. 10). It is found that for compressible
groups the major portion of total final settlement occurs as immediate settle-
ment and that pile compressibility has little influence on the value of
Su/Srr.

Typical load distributions within a floating pile group with a rigid cap
are plotted against pile spacing in Fig. 4 for a 3% group, for K = 100,
1000 and oo, the pile load being expressed as a fraction of the average pile
load in the group. The outer piles take the greatest load while the inner pile
takes the least and as with incompressible groups, the non-uniformity of
the load distribution becomes more pronounced as L/d increases and the
number of piles in the group increases. Table Bl in Appendix B gives
load distributions within a floating pile group for a wide range of L/d,
s/d, K and group size.

16 Ay T T 0
1-a4F
12 F
1-0
£
PQV
o8}
osb ! 7
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{ K =100 —-—
o4t | K =1000 ]
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/
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0-2 A 1 i
0 5 10 15 20

Fig. 4.~—Load Distributions in 32 Floating Group.

For groups in which all piles are equally loaded, the maximum settle-
ment occurs at the centre pile or piles, and the minimum at the corner
piles. It is found that the ratio of the maximum settlement Smax of a
group to the uniform settlement Sg of the corresponding group with a rigid
pile cap is almost independent of pile compressibility, so that values of this
ratio tabulated by Poulos (Ref. 9) for incompressible groups may be used
for all values of K.

The ratio of the maximum differential settlement Sz between the centre
and corner piles of the group, to the settlement Sr of the corresponding
group with a rigid cap, is tabulated in Table I1I, for 32 and 5% groups with
L/d 10, 25 and 100. Although the values in Table III are for a pile stiff-
ness factor K of 1,000, it has been found that pile compressibility has little
effect on Sg¢/Sr , so that the factors in Table III can be used with sufficient
accuracy for all values of K.

TABLE III
Differential Settlement of Floating Pile Group
Vatues of Si/Sr

L/d 10 25 100
Group size 32 52 32 52 32 52
s/d
2 0.155 0.310 0.110 0.208 0.045 0.117
5 0.204 0.340 0.163 0.286 0.108 0.206
10 0.170 0.280 0.170 0.312 0.130 0.226
20 0.111 0.230 0.153 0.277 0.121 0.225
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5.2 End-Bearing Groups:

Group reduction factors for end-bearing pile groups with rigid caps
are given in Table IV for a wide range of L/d, s/d, group size and K. In
general, Rg decreases as pile stiffness increases. The smaller the value
of L/d the closer the spacing at which Rg reaches its limiting value of

ANALYSIS OF PILE GROUPS—Poulos & Mattes.

groups, the load distribution generally becomes more uniform as pile stiff-
ness increases. A wide range of load distributions is tabulated in Table
B2 in Appendix B.

1-2 T T

- - - . - - 1 2 ‘[
1/m (i.e., no interaction between the piles). As with floating groups, Re Piie 3 353
decreases as the number of piles in the group increases, but if R¢ is plotted T %9
against total group breadth, as in Fig. 5, it will be seen that again there 11k TN Pile1 ¢ ﬂ
appears to be a limiting curve as the number of piles in the group increases. / N
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Fig. 6.~—Load Distributions in 3* End-Bearing Group.
For end-bearing groups in which all piles are equally loaded, the
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Fig. 5.—Rg versus Group Breadth—End-Bearing Groups.

As similarly found by Poulos and Mattes (Ref. 11) for a single end-bearing
pile, the theoretical ratio S,/Srr of the immediate to total final settlement
for groups of end-bearing piles is close to unity; for almost all cases likely
to be met in practice, the time-dependent movement is less than 109,
of the total final movement.

Typical load distributions within a 32 end-bearing group are shown in
Fig. 6. As with the floating group, the non-uniformity in the load distribu-

maximum displacement generally occurs at the centre and the minimum
at the corner. The ratios Smax/Sr and Sa/Sr both decrease as pile stiffness
increases, and approach their limiting values of 1 and O respectively at
relatively close pile spacings. Values of S;/Sr are given in Table V for
relatively compressible piles (K = 100).

6.—COMPARISONS BETWEEN THEORETICAL AND
OBSERVED GROUP BEHAVIOUR

In order to assess the applicability of the theoretical approach to field
cases, it is desirable to compare the theoretical solutions with the published
results of observations on model and full-scale pile groups. Such a com-
parison was made by Poulos (Ref. 9), but no distinction was made between
piles having different values of K, all piles being assumed to be incom-

tion increases as L/d increases, but in contrast to the corresponding floating  pressible. However, it is possible in some cases to estimate values of K
TABLE 1V
End-Bearing Pile Groups, Rigid Cap. Group Reduction Factor, R¢
vs = 0.5
Group Size 22 32 42
K 10 100 1000 o 10 100 1000 0 10 100 1000 s 10 100 1000 o0
L/d 7

2 0.379 |} 0.285 | 0.250 | 0.250 | 0.224 | 0.146 | 0.111 | 0.111 | 0.149 | 0.093 | 0.062 | 0.062 | 0.108 ‘ 0.065 | 0.040 | 0.040
5 0.287 | 0.270 | 0.252 | 0.250 | 0.137 | 0.124 | 0.113 | 0.111 | 0.081 | 0.071 | 0.063 | 0.062 ; 0.053 | 0.046 | 0.041 | 0.040
10 10 0.256 | 0.252 | 0.250 | 0.250 | 0.115 | 0.113 | 0.111 | 0.111 [ 0.065 | 0.063 | 0.062 | 0.062 | 0.041 | 0.041 | 0.040 | 0.040
20 0.250 | 0.250 | 0.250 [ 0.250 | 0.111 | 0.111 | 0.111 | 0.111 | 0.062 | 0.062 | 0.062 | 0.062 | 0.040 | 0.040 } 0.040 | 0.040
o 0.250 § 0.250 { 0.250 | 0.250 { 0.111 | 0.111 { 0.111 | 0.111 | 0.062 | 0.062 | 0.062 } 0.062 [ 0.040 | 0.040 | 0.040 j 0.040
2 0.471 | 0.405 | 0.263 | 0.250 | 0.316 | 0.286 | 0.129 | 0.111 [ 0.231 | 0.205 | 0.083 | 0.062 | 0.179 [ 0.165 | 0.060 {| 0.040
5 0.341 | 0.341 | 0.271 | 0.250 | 0.186 | 0.189 } 0.129 | 0.111 | 0.121 | 0.125 | 0.077 | 0.062 | 0.086 | 0.089 | 0.051 | 0.040
25 10 0.284 | 0.288 | 0.259 | 0.250 | 0.137 | 0.140 | 0.118 { 0.111 | 0.081 [ 0.083 | 0.067 | 0.062 | 0.053 | 0.055 | 0.043 | 0.040
20 0.259 j 0.259 | 0.251 | 0.250 | 0.116 | 0.117 | 0.112 | 0.111 { 0.066 | 0.066 | 0.063 | 0.062 | 0.042 | 0.042 | 0.040 | 0.040
o) 0.250 | 0.250 | 0.250 | 0.250 | 0.111 | 0.111 [ 0.111 | 0.111 | 0.062 | 0.062 | 0.062 | 0.062 | 0.040 | 0.040 | 0.020 | 0.040
2 0.636 | 0.565 | 0.452 | 0.250 | 0.489 | 0.439 | 0.338 [ 0.111 | 0.390 [ 0.368 | 0.288 | 0.062 | 0.327 | 0.317 | 0.256 | 0.040
5 0.463 | 0.459 | 0.418 | 0.250 | 0.301 | 0.308 | 0.280 } 0.111 | 0.221 | 0.234 | 0.216 | 0.062 | 0.173 | 0.187 | 0.178 | 0.040
100 10 0.359 § 0.373 | 0.365 | 0.250 | 0.204 | 0.221 | 0.220 | 0.111 | 0.138 | 0.155 | 0.158 | 0.062 | 0.101 { 0.119 | 0.124 | 0.040
20 0.296 | 0.310 | 0.317 | 0.250 | 0.149 | 0.165 | 0.173 | 0.111 | 0.093 | 0.107 | 0.115 | 0.062 | 0.066 | 0.078 [ 0.085 | 0.040
0 0.250 | 0.250 | 0.250 { 0.250 { 0.111 | 0.111 | 0.111 | O.111 { 0.062 | 0.062 | 0.062 } 0.062 | 0.040 | 0.040 j 0.040 | 0.040
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TABLE V than the theoretical and this discrepancy is probably due to a greater degree

Differential Settlement of End-Bearing Pile Group of densification occurring near the group than near the single piles. How-
Values of Ss/Sr ever, if the value of K corresponding to dense sand is used for the theoretical

K — 100 values of Rs, the agreement is closer, although Ry is still over-estimated,

especially at larger spacings. The less satisfactory agreement for groups in
loose sand is not surprising since the local densification around the pile
L/d 10 25 100 groups leads to inhomogeneity of the sand mass, the extent of this inhomo-
geneity varying as the pile spacing varies. Because of this inhomogeneity,
the sand departs considerably from the ideal homogeneous elastic soil
3/7— assumed in the analysis.

Group size 32 52 32 52 32 52

Comparisons between observed and theoretical load distributions

2 0.103 0.197 0.059 0.254 0.096 0.236 within pile groups have been made by Poulos (Ref. 9). In the cases con-
sidered, the piles were effectively incompressible and the agreement between

3 0.082 0.150 0.181 0.370 0.179 0.336 observed and theoretical distributions was found to be close. To the

10 0.001 0.001 0.129 0.240 0.181 0.296 authors’ knowledge, no further cases involving relatively low values of K

are readily available.

20 0 0 0.041 0.043 0.113 0.236

The comparisons shown in Fig. 7, and those obtained previously by
Poulos (Ref. 9) suggest that the theoretical approach described in this paper
is capable of predicting with reasonable accuracy the settlement ratio and
pile load distribution at working loads in practical problems. Some caution
however appears desirable in applying the theory to pile groups in initially

from the published data, and a summary of these cases is given in Table VI.
In all cases, floating pile groups are considered. Comparisons between
observed settlement ratios for square pile groups and those calculated theo-

retically are shown in Fig. 7. In all cases, the load level corresponds to loose sand.

a factor of safety of at least 2 against overall failure. It will be seen that While no data is available on groups of end-bearing piles, the above
with the exception of the tests by Hanna (Ref. 5) in loose sand, the general comparisons, together with those made by Poulos and Mattes (Ref. 11)
agreement is quite satisfactory for both large and small values of K. for a single end-bearing pile, suggest that a similar measure of agreement

between theory and observation may be expected for end-bearing groups.
A more reliable assessment of the applicability of the theory must however

7

7

— — —r Tt
v Satfery & Tataf196Y] 3% Modet Group in 3%Mode! Group in 32 Model Growp in

Lo whiaker (1957) | L Ciay ] | Denss  Sand Loose Sand ] await results of further field measurements.

Sowars et al " 1
Sows ] janna (1963 )

Hanna {1963}

e 7—APPLICATION OF THEORETICAL SOLUTIONS TO
4 S ] PRACTICAL PROBLEMS

L 3% Model Grow ind g In order to use the preceding theoretical solutions to estimate the

Clav. R R . immediate and total final settlement of a pile group, it is necessary to deter-
' oy, B ! oy B ! oy, ® ’ * s, ° mine representative values of the °elastic’ parameters of the soil. The
(a3 (o1 @ @ immediate settlement is given by putting E equal to the undrained Young’s
modulus Ey of the soil and using the displacement influence factors and
S — . . . I interaction factors for the undrained value of Poisson’s ratio vy, which
3%Full Scatle Grow 2°Full Scale Grow 5% Modet Grow in 52 Model Grow in is 0.5 for saturated clays. The total final settlement is given by putting
AR L;";"if,',‘fﬁv S PO S ] [ \lose Sa¢ o] E, equal E’, the Young’s modulus of the soil skeleton, and using the
sh o i9su 3 ss o 1 oF\ =000 4 displacement inﬁuence factors and interaction factors for v, = v, Poisson’s
. ] R | N ratio .of the soil skeletqn. Although it is possible to carry out triaxial
o ~-__| testsin order to determine representative values of Ey , E’_ and +'; (KRefs.
3t ¢ ] 3, 4 and 6), the initial and final stress states in the soil near a loaded pile are
4 L .1 difficult to estimate, and consequently, the reliability of soil parameters
. R o determined in laboratory tests must at present be considered dubious.
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It would appear that a more satisfactory means of obtaining values of Ey ,
n E’, and ' is to carry out an actual loading test on a single pile, the results
——— Theoratical Curve of which may be fitted to the theoretical solutions for the settlement of a

° Observed Vawes single pile to determine the required parameters. These parameters may
then be used for calculating the immediate and total final settlement of the
pile group.

Fig. T.—~Comparison between Theoretical and Observed Settlement Ratios.

The comparisons between theoretical and observed values of Rs for In order to estimate the settlement of the group on a theoretical basis,
the tests carried out by Hanna (Ref. 5) on wooden piles in initially loose sand it is necessary to use the influence factors for the top displacement of a single
(Figs. 7 (f) and 7 (k)), were made using a value of K estimated from the value = compressible pile. These have been presented by Poulos and Mattes (Ref.
of E, for loose sand. It was found that the observed values were much less  11) for end-bearing piles and Mattes and Poulos (Ref. 7) for floating piles.

TABLE VI
Summary of Data on Floating Pile Group Tests

Assumed Parameters for Comparison

Test Pile Material Soil Type Remarks
L/d K Layer Depth/L

Whitaker (Ref. 14) Brass Remoulded I.ondon Clay 24 9] 2 Model tests

Saffery and Tate (Ref. 12) Stainless Steel ‘ Remoulded Clay 20 . 2 Model tests

Sowers et al (Ref. 13) Aluminium Tube Remoulded Bentonite 24 2000 2 Model tests

Berezantzev et al (Ref. 1) Concrete Dense Sand 20 1000 © Field tests. K estimated
from quoted values of E; .

Hanna (Ref. 5) Wood Dense Sand 33 100 2 Model tests. K estimated
from Table IX.

Hanna (Ref. 5) Wood Loose Sand 33 1000 2 »o o m
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For convenience, these influence factors are summarized in Tables VII
and VIII for »; = 0.5. In both cases, the variation of the influence factors
with v, is relatively small so that, for practical purposes, the values in
Tables IT and III may be used for all values of v, .

TABLE VII

Displacement Influence Factors for a Single Floating Pile in a
Semi-Infinite Mass

v, = 0.5
Top Displacement p = I.(P/LE,)
Values of I
L/d 10 25 100
K
10 3.26 6.78 14.45
50 2.05 4.46 12.00
100 1.80 3.58 10.61
500 1.49 2.34 6.60
1000 1.44 2.10 5.18
5000 1.41 1.90 3.26
e} 1.40 1.89 2.70
TABLE VIl

Displacement Influence Factors for a Single End-Bearing Pile
Resting on a Rigid Stratum
v, = 0.5
Top Displacement p = I . (PL/Ep Ap)

L/d 10 25 100
K
10 0.24 0.08 0.01
50 0.57 0.26 0.05
100 0.72 0.38 0.08
500 0.92 0.71 0.26
1000 0.96 0.81 0.38
5000 0.99 0.92 0.72
@ 1.00 1.00 1.00

It is also necessary to estimate a value of the pile stiffness factors K
in order to use the theoretical solution. Since the value of E of the soil
will change from E, to E’, as dissipation of excess pore pressures occurs
around the pile, the value of K will also change during the consolidation
process. However, this change in K is likely to be relatively small and,
in view of the uncertainties involved in obtaining values of E_, may be
ignored. As a guide for practical problems, typical values of K for solid
steel, concrete and timber piles in various types of soil were suggested by
Poulos and Mattes (Ref. 11) and are reproduced in Table IX. It will be
seen that, for solid piles, low values of K occur only with concrete or timber
piles in stiff clays and dense sands. However, low values of K can also
occur with steel pipe piles which typically have an area ratio R4 of 0.1
to 0.2, and for compacted sand piles, for which K may be as low as about 10.
For such cases, the compressibility of the pile may significantly influence
the behaviour of the pile group, especially if the piles are slender.

It must be borne in mind that the theoretical solutions presented in this
paper are strictly only applicable to uniform soil deposits, and that various
practical aspects are not taken into account by the present theory, for
example, the influence of the method of pile installation, non-homogeneity
and anisotropy of the soil, and layering of the soil profile. The application
of the theoretical solutions to such field situations therefore requires a
certain amount of engineering judgment in order to successfully reduce
the actual problem to an idealized one for the purposes of analysis. It
should also be reiterated that the piles are assumed free-standing and no

TABLE IX
Average Values of K for Solid Piles*
(after Poulos and Mattes, Ref. 11)

Pile Material
Soil Type
Steel Concrete Timber
Soft Clay 60,000 6,000 3,000
Medium Clay 20,000 2,000 1,000
Stiff Clay 3,000 300 150
Loose Sand 15,000 1,500 750
Dense Sand 1,500 150 75

*For piles which are not solid, the above K values should be muliiplied by the area
ratio R4q. -
account is taken of raft action of the pile cap. However, preliminary
analyses have revealed that, at normal pile spacings, the influence of the
pile cap resting on the surface on the behaviour of the group at working loads
is relatively minor, although at loads approaching the ultimate, the pile
cap may largely dictate the behaviour of the group. Another important
factor not taken into account in the present analysis is the possibility of
increased settlements due to deep-seated compressible layers situated beneath
a floating pile group. A method for calculating such settlements will be
presented in a subsequent paper.

8.—CONCLUSIONS

The displacement and load distribution within groups of compressible
floating end-bearing piles has been analysed by employing the method of
superposition as previously applied to incompressible floating pile groups.
The influence of the relative compressibility of the piles on the behaviour
of groups has been examined in relation to square groups of piles, and it
has been found that for floating pile groups, the group reduction factor R¢
decreases as the pile stiffness factor K decreases. For a group with a rigid
pile cap, the load distribution within the group becomes more uniform
as K decreases.

For end-bearing groups, the interaction between the piles in the group
increases as the piles become more compressible, and consequently, the
group reduction factor Re¢ increases as K decreases, while the load distribu-
tion within a group with a rigid pile cap becomes less uniform.

As with incompressible floating pile groups, it is found that the group
settlement is dependent more on the total breadth of the group than on the
number of piles in the group, and that the major proportion of the total final
settlement occurs immediately for both floating and end-bearing groups.

Comparisons between theoretical values of settlement ratios and values
observed in model and field tests on floating pile groups show generally
good agreement and suggest that, with the possible exception of pile groups
in loose sand, the theory is capable of predicting with reasonable accuracy
the settlement ratio and pile load distribution at working loads in practical
problems.
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APPENDIX B
Load Distributions within Floating and End-Bearing Groups with
Rigid Pile Caps
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TABLE B1

Load Distributions within Floating Pile Groups
Values of P/Pav

Pile 1 Pile 2 Pile 3
:/; K 100 1000 0 100 1000 00 100 1000 ©
s/d
32 Group _10— 2 1.28 1.47 1.56 0.84 0.75 0.72 0.52 0.16 —0.15
5 1.20 1.25 1.26 0.91 0.88 0.88 0.57 0.47 0.45
10 1.10 1.13 1.14 0.95 0.94 094 0.78 0.73 0.70
20 1.04 1.05 1.06 0.98 0.97 0.97 0.91 0.88 0.88
2541 2 1.18 1.38 1.50 0.89 0.79 0.65 0.71 . 0.32 —0.35
5 1.17 1.29 1.32 0.92 0.87 0.84 0.63 0.38 0.34
10 1.11 1.18 1.21 0.95 0.91 0.89 0.77 0.61 0.55
20 1.06 1.11 1.12 0.97 0.95 0.94 0.87 0.77 0.73
100 | 2 1.24 1.11 1.70 0.86 0.93 0.66 0.58 0.84 —~0.45
5 1.22 1.17 1.37 0.90 0.92 0.81 0.53 0.61 0.24
10 1.14 1.15 1.28 0.94 0.93 0.86 0.70 0.68 0.42
20 1.07 1.10 1.21 0.97 0.95 0.90 0.86 0.79 0.55
4?2 Group 10} 2 1.68 2.00 2.14 0.97 0.95 0.95 0.38 0.09 ~0.04
5 1.42 1.51 1.52 - 1.01 1.00 1.00 0.56 0.48 0.47
10 1.21 1.25 1.28 1.01 1.00 1.00 0.77 0.73 0.70
20 1.10 1.13 1.12 1.00 1.00 1.00 0.89 0.86 0.86
_2—5— 2 1.50 1.87 2.25 0.97 0.95 0.89 . 054 0.23 —0.05
5 1.40 1.62 1.70 1.01 1.01 0.99 0.59 0.36 0.30
10 1.25 1.41 1.48 1.00 1.01 1.00 0.74 0.57 0.50
20 1.14 1.23 1.26 1.00 1.00 1.00 0.85 0.76 0.72
100 2 1.56 135 2.30 0.96 0.97 1.01 0.52 0.70 —0.15
5 1.50 1.45 1.84 1.02 1.01 0.98 0.47 0.52 0.18
10 1.29 1.35 1.65 1.00 1.00 1.00 0.70 0.63 0.34
20 1.15 1.24 1.42 1.00 1.01 1.00 0.83 0.75 V 0.56
L—
Pile 1 - Pile 2 g Pile 3 Pile 4 Pile 5 Pile 6
T K | 100 {1000 © 100 | 1000 3] 100 | 1000 ed] 100 | 1000 [ 100 | 1000 2] 100 | 1000 o]
L/d v
52 “1_(_)- 2 212 | 248 | 265 | 1.18 [ 1.19 | 1.12 | 1.05 | 1.07 | 1.20 | 0.42 | 0.21 |—0.15}{ 0.26 | 0.10 | 0.16 | 0.12 | 0.01 } 0.45
Group 5 1.64 | 1.75 | 1.79 | 1.13 | 1.14 | 1.15 | 1.07 | 1.09 | 1.10 | 0.60 | 0.53 | 0.49 | 0.55 | 0.49 | 0.46 | 0.49 | 0.45 | 0.42
‘ 10 1.31 | 1.39 | 1.41 | 1.07 | 1.09 | 1.09 | 1.03 | 1.04 | 1.05 | 0.81 | 0.75 | 0.74 | 0.76 | 0.71 | 0.69 | 0.73 | 0.68 | 0.64
20 1.18 { 1.22 § 1.19 [ 1.05 | 1.06 | 1.05 | 1.01 [ 1.02 | 1.02 { 0.90 { 0.87 | 0.89 | 0.86 | 0.83 | 0.85 | 0.82 | 0.79 | 0.82
2—5 2 190 | 2.46 | 290 | 1.17 | 1.19 | 1.13 | 1.01 | 1.09 | 1.20 | 0.58 | 0.20 {- 0.20} 0.38 | 0.12 | 0.09 | 0.24 | 0.04 0.25.
5 162 | 1.98 { 2.11 | 1.14 | 1.18 | 1.19 | 1.05 | 1.09 | 1.07 | 0.63 { 0.40 | 035 | 0.54 | 0.34 | 0.27 | 0.46 | 0.29 | 0.22
10 1.39 | 1.63 | 1.73 | 1.10 | 1.14 | 1.16 | 1.04 | 1.05 | 1.07 { 0.77 | 0.64 | 056 | 0.70 | 0.55 | 0.47 | 0.64 | 0.45 | 0.37
20 1.22 | 1.37 | 1.40 | 1.06 | 1.09 | 1.09 | 1.02 | 1.04 | 1.05 | 0.87 | 0.77 { 0.74 | 0.82 | 0.72 | 0.71 { 0.78 | 0.68 | 0.67
R 2 206 | 1.75 | 3.00 | 1.15 | 1.14 | 1.10 | 1.08 | 1.00 | 1.20 | 0.41 | 0.65 {— 0.30{ 0.33 | 0.48 | 0.05 | 0.25 | 0.33 | 0.40
5 1.77 V 1,78 1 234 | 1.18 | 1.18 | 1.22 | 1.07 | 1.06 | 1.09 [ 054 | 055 | 0.21 | 048 | 0.42 | 0.14 0.33 1 0.30 { 0.07
10 145 | 158 {205 | 1.10 { 1.13 | 1.21 |{ 1.05 | 1.04 | 1.08 | 0.72 | 0.66 | 0.38 | 0.68 | 0.58 | 0.26 | 0.63 | 0.49 | 0.17
20 125 | 1.41 | 1.78 | 1.17 | 1.10 | 1.13 | 1.02 | 1.02 | 1.02 | 0.85 | 0.77 | 0.55 | 0.80 | 0.70 | 0.50 | 0.75 | 0.62 | 0.52
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TABLE B2
Load Distributions within End-Bearing Pile Groups
Pile 1 Pile 2 Pile 3
Ld K 100 1000 100 1000 100 1000
s/d
32 Group 10 2 0.98 0.92 0.99 1.01 1.11 1.20
5 1.02 1.00 0.99 1.00 0.94 1.00
10 1.00 1.00 1.00 1.00 1.00 1.00
20 1.00 1.00 1.00 1.00 1.00 1.00
25 2 1.07 0.95 0.94 1.00 0.93 1.17
5 1.11 1.02 0.94 0.99 0.76 0.96
10 1.05 1.01 0.98 0.99 0.88 0.97
20 1.02 1.00 1.00 1.00 0.97 1.00
100 2 1.22 1.02 0.87 0.97 0.65 1.04
5 1.21 1.13 0.90 0.94 0.53 0.73
10 1.13 1.10 0.94 0.95 0.71 0.78
20 1.06 1.06 0.97 0.97 0.88 0.87
42 Group 10 2 1.64 0.88 0.98 0.98 1.00 1.17
5 1.05 1.00 1.00 1.00 0.94 1.00
10 1.00 1.00 1.00 1.00 0.99 1.00
20 1.00 1.00 1.00 1.00 1.00 1.00
25 2 1.26 0.95 0.98 0.98 0.77 1.10
5 1.23 1.05 1.01 1.00 0.75 0.94
10 1.10 1.02 1.00 1.00 0.88 0.98
20 1.02 1.00 1.00 1.00 0.98 1.00
100 2 1.61 1.19 0.97 0.98 0.44 0.86
5 1.48 1.33 1.00 1.00 0.51 0.65
10 1.27 1.23 1.00 1.00 0.72 0.75
20 1.14 1.13 1.00 1.00 0.85 0.84
Pile 1 Pile 2 Pile 3 Pile 4 Pile 5 Pile 6
K 100 1000 100 1000 100 1000 100 1000 100 1000 100 1000
L/d r
52 Group 10 2 1.11 0.86 1.02 0.94 0.95 0.95 0.99 1.13 0.90 1.14 0.81 1.18
5 1.06 1.01 1.02 1.00 1.01 1.00 0.96 1.00 0.95 1.00 0.94 1.00
10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
25 2 1.55 0.99 1.12 0.99 0.99 0.96 0.77 1.07 0.59 1.03 0.44 0.99
5 1.37 1.09 1.09 1.03 1.04 1.00 0.77 0.95 0.72 0.92 0.67 0.87
10 1.15 1.03 1.04 1.01 1.02 1.01 0.90 0.98 0.88 0.97 0.86 0.97
20 1.02 1.00 1.00 1.00 1.00 1.00 0.98 1.00 0.98 1.00 0.98 1.C0
100 2 2.08 1.48 1.20 1.11 1.01 0.96 0.48 0.83 0.25 0.63 0.36 0.44
5 1.75 1.55 1.16 1.13 1.08 1.04 0.53 0.68 0.46 0.58 0.39 0 47
10 1.42 1.39 1.08 1.09 1.04 1.04 0.73 0.77 0.70 0.71 0.67 0.65
20 1.21 1.22 1.05 1.05 1.01 1.01 0.88 0.87 0.83 0.82 0.79 0.78
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APPENDIX C

Illustrative Example :

A free-standing group of six 12 in. dia. concrete piles is driven into
a deep layer of medium clay, and is to be subjected to a load of 300 tons
(see Fig. C1). A test on a single pile gives a final settlement of 0.60 in.
under a load of 50 tons. It is required to determine the final settlement of
the 6-pile group.

-3 -3
t 2 3
E
s &
A7 vy
3007

B U

b
Fig. C1.

From Table IX, the value of K is about 2,000. Piles 1, 3, 4 and 6
behave identically and will be called piles 4 while piles 2 and 5 will be
called piles B. The loads on Piles 4 and B are P4 and Pg respectively.
From Fig. A2 for L/d = 25, the interaction factors may be interpolated
for K = 2,000. The factors are rabulated in Table Cl.

The settlement of pile 1 (and all piles A4) is given by Eq. (7), as
pa = py{P4%0.27 4 0.42 + 0.25) + Pp(0.42 + 0.35)+ P4}
ie.

’ palpy = 1.94 P4 + 0.77 Py
where p, is the settlement of a single pile under unit load. Similarly for
pile 2 (and all piles B),

pe = py{P4(0.42 + 0.42 + 0.35 + 0.35) + Pp(0.42) + Pg}

ie.,
pe/py = 1.54 P4 + 142 Pg

TABLE C1
Pile 1 (Type A) Pile 2 (Type B)
Pile j s/d g s/d Y
1 0 — 5 0.42
2 5 0.42 0 —
3 10 0.27 5 0.42
4 5 0.42 7.07 0.35
5 7.07 0.35 5 0.42
6 11.2 0.25 7.07 0.35
Also, from equilibrium,
4P4 + 2P = 300  .iiiiveiiiiiiiiiieniinens (C3)

For a rigid cap, ps = pa5.

Solution of Egs. (C1), (C2) and (C3) for this case yields the following
solutions:
P4 = 57.4 tons
Pp = 35,2 tons

palpy = pn/py = 138.4

From the pile load test,
p1 = 0.60/50 = 0.012 in./ton.
p4a = pp = 1.66 in,

1.66
T ttl t ratio Rg = —— = 2.77.
(The settlement ratio Rs 0.60 )]
If the pile cap is sufficiently flexible and the load is uniformly distri-

buted so that all piles are equally loaded, then

P4 = Pp =50 tons

pa =50 X 2,71 X p; = 1.621in.

pr =50 X 296 X p; = 177 in,
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Displacements in a Soil Mass Due to Pile Groups

By H. G. Pouros, B.E., Pu.D., M.LE.AusT. and N. S. MaTtTtes, B.E., STUb.LE.AUST. *

LIST OF SYMBOLS

Ayp Cross-sectional area of pile.

D Depth of finite layer.

E, Young’s modulus of pile material.

E, Modulus of elasticity of soil.

E; Modulus of elasticity of soil layer j.

E’, Modulus of elasticity of soil skeleton.

E, Undrained modulus of elasticity of soil.

H Depth of point below soil surface.

ol Influence factor for vertical displacement due to a vertical
point load.

Iip Influence factor for displacement at 7 due to the base stress ps .

I Influence factor for displacement at i due to uniform shear
stress at j.

I; ; Influence factor for displacement beneath the centre of the
pile group for the level of the top of layer j due to pile 7.

I; Displacement influence factor on the pile axis at the level
of the top of layer j.

Iy Displacement influence factor I for H/L = 0 corresponding
to the distance between the centre of pile j and the point x.

I'y; Value of I for H = D corresponding to the distance between
the centre of pile j and the point x.
I, Influence factor for displacement due to a single pile.

I Influence factor for displacement of a pile in 2 layer of depth D.
K Pile stiffness factor, = (Ep/E,). R4.
L Length of pile.

L, Length of equivalent pier.

P Total load on pile.

Py Average pile load.

P;, P; Load in pile ¢ and pile j respectively.

R, Settlement ratio.

Z, Zl s R, Ry, Variables in Mindlin’s equation (Fig. 1 (b)).

d Dlameter of pile shaft.

dp Diameter of pile base.

de Diameter of equivalent pier.

1,7 Integers.

m Total number of different layers.

n Number of pile elements.

P Uniformly distributed shear stress.

Po Uniform vertical stress on base.

pi Uniform shear stress on element j.

r Radial distance.
Height of pile element.= L/n.

P Displacement.

pGD Displacement of the pile group in a layer of depth D and
modulus of elasticity F, which is underlain by a rigid base.

pi Displacement at ¢ due to all elements of the pile,

Pz Displacement at point x.

v Poisson’s ratio of soil.

1.—INTRODUCTION

The settlement behaviour of single piles and pile groups has recently
been examined theoretically in a series of papers (Refs. 5, 9, 10 and 11).
In these papers, solutions have been obtained for the settlement at the
head of a pile or pile group situated in an ideal elastic homogeneous soil

. mass, and it has been found that such solutions for an ideal soil reproduce
observed behaviour of piles in real soils with encouraging accuracy. In
many cases in practice however, the soil profile is layered with compressible
layers present below the piles, and hence the solutions previously obtained
for the displacement of piles in a uniform soil may not be directly applicable.
An outstanding example of such a case has been reported by Golder and
Osler (Ref. 4) in which a pile foundation supporting a furnace was founded
in compact sand which was underlain at a considerable depth by a deep
deposit of compressible clay. It was found that the settlement of the
piles in the sand was responsible for only about 10%, of the final settlement,
the remaining 90%, being attributable to the underlying clay deposit. In
view of the not-infrequent occurrence of such situations, it is desirable to

*Paper No. 2969, submitted by the authors on 28th August, 1970,
The authors are, respectively, Senior Lecturer and Research Student, School of Civil
Engineering, The University of Sydney.
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develop a method by which the settlement of compressible soil layers under-
lying the piles may be determined. In some cases, it may also be of interest
to estimate the settlement of the ground surface at some distance away
from the piles, for example, in determining the additional settlement of
an existing building due to a new structure.

In this paper, the above two problems are considered in detail. Nu-
merical solutions are obtained firstly for the vertical displacement within
a soil mass due to 2 single loaded pile, and using these solutions, methods
are described for calculating the surface displacement profile around a pile
group and the settlement of soil layers beneath a pile or pile group.

In obtaining the solutions for the displacements due to a single pile,
it is assumed that no local yield occurs between the pile and the soil and
that conditions within the soil remain purely elastic. Also, in considering
the settlement of pile groups, the groups are assumed to be free-standing
with no contact between the pile cap and the soil. Analysis has shown that,
even if the pile cap is, in fact, in contact with the soil, it has little influence
on the settlement of the group, provided the pile spacing is rclauve]y close
and elastic conditions prevail within the soil.

2,~ANALYSIS

A pile of length L, shaft diameter d, base diameter dp , area Ap and
Young’s modulus Ej , is situated in an ideal elastic homogeneous isotropic
so0il mass having parameters E; and »_ . At any point ¢ within the soil
mass, the vertical displacement due to the stress p; on a cylindrical ele-
ment j may be obtained by double integration of the Mindlin equation for
the vertical displacement due to a vertical point load within a semi-infinite
elastic mass. Referring to Fig. 1 (@), the displacement influence factor
for the point ¢ due to loading on element j is

Iy = f f ,,I d0dz oo I
(N-1)$
where 8 = L/n,
»I = Influence factor for vertical displacement due to a vertical
point load.
From Mindlin’s equation,
o — a4+ vy E‘i (3——4v5)+5—12v5+8vx2
8= (1 — »)E  LR® R, R
(3 — 4v) 22 — 2cz + 2c? n 6cz? (z— -9 @
R3 R?
where z; , 2z, R; , R and ¢ are geometrical parameters defined in Fig. 1 (5).
¢
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Fig. 1.

As described by Poulos and Davis (Ref. 10), the integration with respect
to z is done analytically, while the integration with respect to 8 is done
numerically.



30 DISPLACEMENTS DUE TO PILE GROUPS—Poulos & Mattes.

Similarly, the influence factor for vertical dlsplacemem at 7 due to the
uniform base stress py is given by

27 %2
Iip = f j plrdrdb
0 0

where pI is given by Eg. (2).
The integration is done analytically with respect to r and numerically
with respect to 6.
b The displacement at point ¢ due to all elements of the pile is then given
y
= Z L p; + Liv po
F=1
Values of p; and p» have been obtained for various values of L/d by
Poulos and Davis (Ref. 10) for incompressible piles, and Mattes and Poulos
(Ref. 5) for compressible piles. In the latter paper, the relative compressi-
bility of the pile is defined by the pile stiffness factor K = (Ep/E) . R4,
where R4 = Ap/(nd?*/4). The larger K, the less compressible is the
pile. These values have been used with the values of I;; and I;; calculated
from Egs. (1) and (3) to obtain displacement distributions for a wide range

of cases. In evaluating Ij; and I;p , intervals of #/20 have been used for
the numerical integrations. In all cases computed, dy has been taken
equal to d.

3.—DISPLACEMENT DISTRIBUTIONS DUE TO A SINGLE
LOADED PILE

Influence factors I, for the displacement due to a single loaded pile
have been obtained for values of L/d ranging from 1 to 100 and are shown in
Figs. 2 to 7 for various dimensionless depths H/L and radii /L, and for
v, = 0.5. The actual displacement p is given by

r
LE "%

In Figs. 2 to 6, K = 1000, while in Fig. 7, values of 1, are given
for K ==20000, for L/d = 100. K has a considerable mﬂuence on the
displacements near the pile for L/d > 10, I 0 mcreasmg as K decreases,
but only a small influence for L/d < 10 or at points remote from the pile.
The influence of v, on I is relatively small, especially for L/d > 10, so

that for practxcal purposes, the values of I for », = 0.5 may be used for
all values of v,
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For points: remote from the axis, it is found that the pile may be re-
placed by a point load of magnitude equal to the load on the pile, and acting
at a depth of 2/3L below the surface. The Mindlin equation for vertical
displacement due to a point load may then be used, viz.,

p = P . pI
where P is the total load on the pile, and ,I is defined in Eq. (2).

On the soil surface (H = 0), this equation reduces to the following

simple form :

P+ v) et
2n E, R®

C 21— )
= ]
where R = (¢ + r?)i,

It is found that for r/L > 0.4, the surface displacement calculated
from Eq. (7) gives a value which agrees to within 4 3% of the more correct
value calculated from Eq. (4), provided that L/d > 10. Even for shallow
piers (e.g., L/d = 1), the use of Eq. (7) for surface displacements gives
results almost identical with the more correct analysis for r/L > 0.75.

4—DETERMINATION OF SURFACE DISPLACEMENT PROFILE
DUE TO A PILE GROUP

The displacement distributions for a single pile in Figs. 2 to 7 may be
used to determine the surface displacement profiles due to a loaded pile
group by superposition of the displacements due to each individual pile
in the group at the point in question. Thus, for a group of » piles situated
in a deep homogeneous soil layer, the displacement p, at a point X on the
soil surface is

n

1
PI:LE ZPJIIJ

57‘1

where P; is the load on pile j,

I.; is the displacement influence factor I, , for H/L = 0, corre-
sponding to the distance between the centre of pile § and the
point X.

It should be noted that in this method, no account can be taken of the
reinforcing effect of any piles which may be present between the point X
andthe pilej. The presence of such piles will tend to decrease the influence
of pile  on the displacement at X and hence the displacement will be over-
estimated by using Eq. (8). Some indication of the extent to which the
displacement may be overestimated may be inferred from Fig. 8 (see later)
which suggests that the overestimate will be relatively small,

If the pile group is situated on a finite layer of depth D, which is under-
lain by a rigid base, the Steinbrenner approximation (Ref. 13) may be used
to estimate the displacements. In this case,

=g ZP:(IM —I'zj)

s j=1

where I’z; is the value of P for H = D and for the value of r equal to the
distance between the centre of pile j and the point X.

The work of Davis and Taylor (Ref. 2) and Poulos (Ref. 8) in connec-
tion with surface footings suggests that the above approximation will be
reasonably accurate in the vicinity of the pile but may be inaccurate remote
from the pile (e.g., for /D > 1) or for very shallow layers.

Geomechanics Fournal, 1971
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If the pile group has a rigid cap, the distribution of loads P; within the
group will generally be non-uniform. This load distribution may be
calculated by the method described by Poulos (Ref. 9) and Poulos and
Mattes (Ref. 12). For square groups of incompressible piles, values of P;
are tabulated by Poulos (Ref. 9) for 32, 4% and 52 groups for L/d = 25,
while some load distributions for groups of compressible floating piles are
presented by Poulos and Mattes (Ref. 12).

In cases in which the load distribution within a group is not available
or where a rough estimate only of the surface displacement is required, it
is more convenient to assume a uniform distribution of pile loads (i.e.,
Pj = P/n) or else, if the group is large, to consider it as an equivalent single
pier. In the latter case, the diameter of the pier should be taken such that
the cross-sectional area of the equivalent pier equals the gross plan area
of the group while the equivalent length of the pier may generally be taken
in the range 0.6L to 0.9L (Ref. 9).

For a square group of 9 piles with a centre-to-centre spacing of 5 dia.,
Fig. 8 shows a typical comparison between the surface displacement profile
for the group with a rigid cap, calculated from Eq. (9), that calculated by
assuming the pile loads in the group are equal (i.e., that the pile cap is
perfectly flexible) and that calculated by assuming the group to have a rigid
cap and to be a single equivalent cylindrical pier of equivalent length L, =
0.8L. It will be seen that there is close correspondence between all three
displacement profiles away from the immediate vicinity of the group.
Underneath the pile group, the displacement distribution for the case of
equal loads in all piles is not uniform and hence there is some difference
between this case and the other two curves for a rigid pile cap. However,
the differences are localised and for x/L > 0.3, the surface displacement
profile for equal pile loads is virtually identical with that for the case of 2
rigid pile cap. Remote from the group, there is, however, a small dis-
crepancy between the profile for the equivalent single pier and the profiles
calculated for the actual group, the displacements in the latter case being
greater than those for the equivalent pier. This discrepancy may possibly
reflect the small order of overestimation of displacement involved in ne-
glecting the reinforcing effect of intervening piles when using Eq. (9).

1-5]

-——-- Group with Rigid Cap

_ Group with Flexible - Cap
{Uniform load distribution)

~—— — Group considered as equivaient.
single pile {Rigid Cap){L.»0-8L)

Ig
05}
L 1 1
o ° 20 . 20 40
d
Fig. 8.—Comparison between Correct and Approximate Surface Displacement
Profiiles.
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Fig. 9.—Influence of K on Surface Displacement Profiles.
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Typical surface displacement profiles are shown in Fig. 9 for a square
four-pile group (2% group) in a semi-infinite mass. The increased displace-
ments with decreasing values of K are clearly shown. However, for x/L>1,
the surface displacements are almost independent of K. '

The influence of the layer depth on the surface displacement profile
is shown in Fig. 10 for a 2% group. As the layer depth decreases, the
surface displacements are “ damped ™ and, for relatively shallow layers
(e.g., D/L = 1.5), may be negligible at distances of one pile length or more
from the centre of the group.

25¢

2 Group ﬁ‘ =5
&

Fig. 10.—Influence of Layer Depth on Surface Displacement Profiles.

5.—DETERMINATION OF SETTLEMENT OF PILES AND PILE
GROUPS UNDERLAIN BY LAYERED STRATA

The method outlined in the previous section for calculating surface
displacement may be extended to the case where a pile or pile group is
founded in a homogeneous layer which is underlain by further layers of
different soils. In this case, the settlement may be calculated approximately
by adding to the settlement of the pile or pile group in the founding layer,
the contributions of the underlying layers.

Considering first the-case of a single pile founded in a uniform layer
of depth D, a convenient method of calculating the settlement of the pile
is as follows:

PL | P {"‘“ U5 —1) | In }
= — ————— e 10
PeLE, L Fzz Eu Eom 1o
where I, = displacement influence factor for a pile in a layer of depth D

(obtained from Poulos and Davis (Ref. 10) for incom-
pressible piles, Mattes and Poulos (Ref. 5) for compressible
piles or Poulos and Mattes (Ref. 11) for end-bearing piles),

displacemient influence factor on the pile axis at the level
of the top of layer j (obtained from Figs. 2 to 7),
E,; = Young’s modulus of layer j,
m = total number of different layers (including the founding
layer).

The above method of calculation is similar to that suggested by Nair
(Ref. 7) for piles and that used by Egorov et al (Ref. 3) for surface foundations
and, in effect, makes use of the Steinbrenner approximation for the calcula-
tion of the displacements of the underlying layers.

Before proceeding, it is useful to consider briefly the limitations of
Eq. (10) to calculate settlements. The major limitation is that no account is
taken of the influence of changes in stress distribution below the pile which
may ‘occur because of the layering of the soil profile. In particular, if a
stiffer layer overlies a softer layer, some concentration of stress into the
stiffer layer will occur. Although the influence of such stress concentration
on pile behaviour cannot readily be determined at the present time, some
idea of the errors involved in using Eq. (10) may be obtained by considering
the case of a circular surface footing on a two-layer elastic system underlain
by a rough rigid base. It is found that the displacements calculated from
Eq. (10) are generally greater than the more correct values, (obtained
either from Burmister (Ref. 1) or from Odemark’s method, quoted by
Ueshita and Meyerhof (Ref. 14)). The errors are greatest when a stiff
layer of considerable thickness overlies a thick softer layer, but unless the
ratio of the Young’s moduli of the upper and lower layers is greater than
about 10, the resulting overestimate is not serious. Furthermore, if
softer layers overlie stiffer layers, Eq. (10) gives a displacement which agrees
closely with the correct value.

I =
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A further limitation of Eq. (10) is that it inherently assumes that the
shear stress distribution along the pile is that for a pile in a semi-infinite
homogeneous soil mass and is unaffected by any heterogeneity of the soil
below the pile. For cases involving different soil layers at some depth
below the pile tip, the above assumption should be satisfactory as it has
been found by Poulos and Davis (Ref. 10) that the shear stress distribution
remains substantially unchanged if a rigid base exists below the tip of
the pile. However, the approximation may be in error if the pile bears
directly on to a stratum of considerably greater stiffness than the upper
layer. The distribution of shear stress along the pile in this case may be
considerably different from that for a pile in a semi-infinite mass, especially
if the pile is relatively incompressible (Poulos and Mattes, Ref. 11). In
such a case, the displacement factor for the pile in the upper layer of depth H
should be calculated from the solutions for an end-bearing pile presented by
Poulos and Mattes (Ref. 11). The displacement factors for the underlying
layers are calculated as before.

It therefore appears that Eq. (10) will give a reasonable estimate of
the settlement of the pile unless a very stiff layer of considerable thickness
beneath the pile overlies a very soft layer. The error involved in using
Eq. (10) will generally lead to an overestimate of the settlement.

The calculation of the settlement of a single pile from Eq. (10) may
be extended to the case of a pile group. For a group of » piles situated in
a homogeneous layer of depth D, underlain by a series of other strata,
the displacement at the centre of the pile group can be calculated by sum-
mation of the settlement of the underlying layers due to all piles in the

group. Thus
Py mz—l {(Ii, i — 1i, i) " Iiym }
L j—2 E,; E,.

displacement of the pile group in a layer of depth D and
Young’s modulus E; which is underlain by a rigid base,
P; = load in pile i,

displacement influence factor beneath the centre of the

pile group for the level of the top of layer j due to pile ¢
(obtained from Figs. 2 to 7).

The value of pep may be calculated as

n
p = pep +
i=1

where pep =

Li,; =

pep = R .py e 12)
where R, = the settlement ratio of group settlement to the settlement
of a single pile under the same average load as a pile in

the group,

o1 = settlement of single pile at the average pile load.

For a floating pile group, p, may either be calculated from the influence
factors presented by Poulos and Davis (Ref. 10) or Mattes and Poulos
(Ref. 5), or from a field load test on a single pile. R, may be calculated by
the method described by Poulos (Ref. 9). For a group which rests on a
firmer stratum below which a softer layer exists, p, may be calculated from
the influence factors presented by Poulos and Mattes (Ref.11), or again from
a field load test, while R_ may be calculated, as if the group was end-bearing,
by the method described by Poulos and Mattes (Ref. 12).

For a pile group with a rigid cap, the values of P; in the group will not
be uniform, as previously mentioned. The load distributions obtained
by Poulos (Ref. 9) and Poulos and Mattes (Ref. 12) for a pile group in a
homogeneous mass may be used to obtain values of P; although some slight in~
accuracy may result because of the influence of the underlying compressible
layers in modifying the load distribution. However, as shown in the
previous section, little error will ensue if the load distribution within the
group is assumed uniform. Alternatively, and again more expediently,
the pile group may be replaced by an equivalent single pier as previously
outlined. A further advantage of this latter method is that, for the relatively
small value of L/d which the equivalent pier will have, the values of I
will be almost independent of K and thus it will generally not be necessary
to consider different values of K for different layers.

An example is given below of the calculation of the settlement of a
floating pile group using both the correct load distribution and a uniform
load distribution in the group and also replacing the group by an equivalent
single pier. An example is also given of the settlement calculation for a
group which rests on a firmer stratum below which a softer layer exists.

6.—ILLUSTRATIVE EXAMPLES
6.1 Fioating Pile Group:

) Tl}e exa_mple considered is shown in Fig. 11. A 32 group of concrete
piles with a rigid cap is founded in a soil layer which is underlain by a further
three layers and it is desired to calculate the settlement of the pile group.
The values of Young’s modulus E; of the soil layers are given in Fig. 11
and are taken to be average values of the Young’s modulus of the soil skele-
ton so that the settlements calculated will be total final settlements.
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Fig. 11.—Illustrative Example No. 1,

The settlement of the pile group in layer 1 may be calculated from
Egq. (12). For the piles in layer 1, assuming E of the concrete to be 3 X 10°
Ib./sq. in., K = (3 x10%)/(5x10%) = 6,000. For this value of K, the
piles may be considered incompressible (Mattes and Poulos, Ref. 5).
From the influence factors given by Poulos and Davis (Ref. 10), for L/d=25
and H/L = 1.5, I, = 1.38. For the pile spacing of s = 5d, the value of
R, is estimated from the results of Poulos (Ref. 9) to be 2.3. Hence the
settlement of the pile group in layer 1 = (P¢/n) . (R,/LE;).I, = 3.78 in,,
where Pg is the total load on the pile group. )

In order to calculate the additional settlements due to the underlying
layers, three alternative methods will be used. Firstly, the correct non-
uniform load "distribution in the group will be considered ; secondly, it
will be assumed that the load distribution in the group is uniform ; thirdly,
the group will be replaced by an equivalent single pier.

(i) Considering Non-Uniform Pile Loads

From the tabulated results presented by Poulos (Ref. 9), the load
distribution in the group may be obtained. The average pile load Pav =
720/9 = 80 tons, and using the key to the piles shown in Fig. 11, the pile
loads are as follows:

P, = 1.32 P,y = 106 tons
P, = 0.84 P,y = 67 tons
P, = 034 P,y = 28 tons.

Since the settlement beneath the centre of the group is required, only three
piles of the group need be considered because of symmetry. Because of
the relatively large values of H/L involved in this problem, the displacement
influence factors are unaffected by the value of K. The calculations are
shown in Table I. The total additional setltement due to the underlying
layers is found to be 2.25 in. The overall settlement of the group is there-
fore 3.78 + 2.25 = 6.03 in.

(if) Considering Uniform Pile Load Distribution

In this case, the load P; on each pile is 80 tons. From Table I, the
values of (I; — I;;;)/E,; may be extracted for each pile and each layer.
The resulting calculations are shown in Table II. In this case, the settle-
ment of the group is 3.78 + 2.29 = 6.07 in. It will be seen that the cal-
culated settlement is almost identical with that calculated from Table I
using the correct non-uniform pile load distribution.

(iii) Considering the Group as an Egquivalent Single Pier
The gross plan area of the group = 11 x 11 = 121 sq. ft. Therefore
the equivalent diameter of a single pier d; = 12.4 ft. From Poulos (Ref. 9),
the equivalent length L, of the pier may be taken as 0.8L = 20 ft.
L./d. = 20/12.4 = 1.6.

Eq. (10) may now be used to determine the settlement of the underlying
layers. Since values of I p are only given for L/d =1 and L/d =2,
the values of I, for the required value of L./d. = 1.6 will be interpolated
from the values for L/d = 1and 2. The calculations are shown in Table II1.
Because the settlements are calculated beneath the centre of the group,
only values of 1 P for r/L = O are required. The settlement of the group
in this case is 3.78 + 2.52 = 6.30 in.

The calculated additional settlement due to the underlying layers from
Table III is about 109 greater than the values calculated by the two
previous methods. Nevertheless, the agreement is sufficiently good to
suggest that, for a group containing a large number of piles, the replace-
ment of the group by an equivalent single pier provides a convenient and
reasonably accurate method of calculating the settlement of the group.
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TABLE 1
Layer 2 Layer 3 Layer 4
) Pile Load ri Py(I,—1,) Pi(l;—1,) P; (1)
Pile No. P; H, H, H, H, — | H,
: L I, I E;, —— I I, Eq Iy Esy
(tons) L L . L L L
(in.?) (in.%) (in.?)
1 106 0.28 1.5 |0.400 2 10.285 24.6 2 0.285( 3 0.175 74.5 3 0.175 2.1
2 67 0.20 1.5 |0.410| 2 0.285 157 2 0.285| 3 0.180 45.0 3 0.180 14
3 28 0 1.5 0435 2 0.295 7.3 2 0.295| 3 0.185 19.7 3 0.185 0.6
Settlement of each layer = 4 x (settlement due to pile 1 4 settlement due to pile 2 + settlement due to pile 3).
For layer 2, Settlement = 4 x (24.6 x 15.7) x 7.3] = 0.56in.
25 x 12
For layer 3, Settlement = s [4 x (745 + 45.0) + 19.7} = 1.64 in.
X
For layer 4, Settlement == [4 x (2.1 + 1.4) + 0.6] = 0.05 in,
25 x 12
Total settlement of layers 2 to 4 = 2.25 in.
TABLE 11 The above example emphasizes that compressible layers well beneath
the pile group may contribute significantly to the settlement of the group.
In this case, the additional settlement due to the underlying layers com-
Values of £ i (I — 1500) prises about 37% of the overall settlement. The example also highlights
Pile N E; the possible consequence of incomplete site investigation.
ile No.
; Layer 2 Layer 3 Layer 4 6.2 End-Bearing Pile Group:

— The problem is shown in Fig. 12. A 32 group of concrete piles is

1 18.8 56.2 1.6 founded through alluvial clay on to a medium dense sand, which is under-

2 18.8 54.7 1.7 lain by a soft clay layer which rests on shale. Average values of both un-
: : . drained Young’s modulus E, and Young’s modulus of the soil skeleton
3 20.8 56.3 1.7 E’_ are given and both the immediate and total final settlements are calculated.
Because the displacement influence factors I, are not seriously influenced
by Poisson’s ratio v, (see Section 3), it has been assumed that, under both

For layer 2, settlement = ! [4 x (18.8 4 18.8) + 20.8] = 0.57 in. undrained and drained conditions, J P values are those for v, = 0.5.
25 x 12 The group is considered first as end-bearing. The value of K of
the piles is about 6,000, so that from the results of Poulos and Mattes
For layer 3, settlement = [4 x (56.2 - 54.7) - 56.3] = 1.67 in. (Ref. 11), such piles are virtually incompressible, and hence the settlement
x 12 of a single pile is merely the elastic settlement of the pile itself. Further-
more, from the results of Poulos and Mattes (Ref. 12), no interaction occurs
For layer 4, settlement = = 12 [4 x (1.6 + 1.7) + 1.7} = 0.05 in. between adjacent piles, i.e., R, = 1, and all piles are equally loaded™*.
X
**Because the supporting sand layer is not perfectly rigid, some interaction may in
Total settlement of layers 2 to 4 = 2.29 in. fact occur, but it is unlikely to be significant.
TABLE III
Layer 2 Layer 3 Layer 4
(Iz - 13) (Iz - 13) 14
L/D H, H, —_— H, H, — H,
1, I Es, I, I, Egy I, E;,
L, L, L, L, L.
(sq.in./ton) (sq.in./ton) (sq.in./ton)
1 1.88 0.186 2.5 0.136 2.5 0.136 3.75 0.082 3.75 0.082
2 1.88 0.468 2.5 0.300 2.5 0.300 3.75 0.180 3.75 0.180
1.6 1.88 0.355 2.5 0.235 0.223 2.5 0.235 3.75 0.141 0.601 3.75 0.141 0.016
(by linear inter-
polation)
Py (I, - I 720 )
For layer 2, settlement = —— . = X 0.223 = 0.67 in.
. Es 20 x 12
720
For layer 3, settlement = = x 0.601 = 1.80 in.
20 x 12
720
For layer 4, settlement = = X 0.016 = 0.05 in.
20 x 12

Total settlement due to layers 2 to 4 = 2.52 in.
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Hence, the settlement of the piles, when considered as bearing on a rigid
stratum, is

PL
T 4B,
where P is the average pile load,
Ap is the area of the pile,
Ep is Young’s modulus of the pile,
In this case, it is found that, for E, = 3 x 10°¢ Ib./sq. in.,
; = 0.16 in,

S,
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Fig. 12.—Illustrative Example No. 2.

The calculation of the additional settlements due to the underlying
layers is shown in Table IV. The settlement of the sand layer is assumed
to occur immediately. The immediate settlement of the group is the sum
of the elastic pile settlement and the immediate settlement of the under-
lying layers, ie., 0.16 + 3.21 = 3.37 in. The total final settlement is
0.16 + 4.46 = 4.62 in. Thus, because of the underlying soft clay layer,
a considerable amount of consolidation settlement (1.25 in.) occurs in this
case, whereas if the pile were founded on a truly rigid stratum, only an
immediate settlement of 0.16 in. would occur.

7.—COMPARISON WITH FIELD CASE

As an indication of the applicability of the method described to field
situations, an attempt was made to compare the measured settlements of
the furnace foundation described by Golder and Osler (Ref. 4) with the
calculated values. The foundation supported a total load of 2,400 tons
and consisted of 32 Franki piles of 22-ft. length arranged in a generally
rectangular pattern consisting of 3 interior rows of 8 piles each, the rows
spaced at 10.5 ft. and the piles at 6 ft., and at each end, 4 piles spaced
at 7-ft. centres. The soil profile could generally be characterised as about

95 ft. of sand interspersed with layers of silty clay and sandy clay, and under-
lain by a very deep deposit of a firm grey silty clay (Leda clay).

A single pile test was carried out and revealed that, under the average
working load, the single pile settlement was about 0.04 in. An analysis
carried out, as described by Poulos (Ref. 9), gave a value of settlement
ratio R of the pile group in the sand of 8.5. Thus, the settlement of the
piles in the sand (pep) is 8.5 X 0.04 = 0.34 in.

Considering now the settlement due to the Leda clay, only oedometer
results are given for this clay and it is therefore necessary to use these results
to estimate Young’s modulus E’; of the clay. The data given is com-
pression index C. = 0.33, and void ratio = 1.25. From these results, a
value of the coefficient of volume decrease m, may be derived for a typical
depth of say 50 ft. below the sand-clay interface. This givesm, = 6.3 x 10-°
ft.2/lb. Using now the theory for an ideal elastic soil,

B - A+ v —2v
s d—vy).me

Assuming a typical value of »', for the firm clay of 0.2, it is found that
E’, = 1,000 Ib./sq. in.

Considering now the calculation of the settlement due to the clay,
and assuming the clay to be semi-infinite, it is found that the settlement
is 3.3 in. Thus, the total settlement of the group is 3.3 + 0.34 = 3.7 in.

The actual foundation was in fact demolished before the final settlement
had been attained, at which time, the measured settlement had reached
about 1.8 in. Measured values of the coefficient of consolidation ¢, vary
too widely to be able to accurately estimate the degree of settlement at the
time of demolition. However, if an average value of ¢y of 1 x 102
in.2/min. is assumed, the dimensionless time factor T» = (¢» )/a® (assum-
ing the foundation to be replaced by an equivalent circular foundation of
radius a) after 11 years is 0.91. From the three-dimensional rate of settle-
ment analysis of Mandel (Ref. 6) for a circular foundation on a sand layer
overlying a deep clay layer, it is found that the appropriate degree of settle-
ment is about 0.38. Thus, the estimated final settlement (taking account
of an initial sand settlement of 0.5 in.) = (1.3/0.38) + 0.5 = 3.9 in., which
is in general agreement with the calculated value, In addition, the initial
settlement of the group, of about 0.5 in., due largely to the sand, is consistent
with the calculated value of pep of 0.34 in.

Although the settlements calculated by the method in this paper are
very similar to those produced by Golder and Osler using one-dimensional
theory, the present method would appear somewhat more logical as it
does not require any arbitrary selection of rigid boundaries beneath the
clay or reductions for foundation rigidity as is the case with the one-dimen-
sional predictions.

8.—CONCLUSIONS

Distributions of vertical displacement within a semi-infinite mass due
to a loaded pile have been obtained for various length-to-diameter ratios
of the pile. It has been found that, even at points relatively close to the
pile, the displacements due to a pile agree closely with those due to an
equivalent single point load acting at a depth of two-thirds of the pile
length. A method of calculating the surface displacement profile around
a pile group and the settlement of a pile group underlain by layered strata,
using the single pile displacement distributions, has been suggested. It
has been found that, for a pile group having a rigid pile cap, the displace-
ments may be calculated with sufficient accuracy by assuming all piles

TABLE 1V
Layer 2 Layer 3 Layer 4
) Pile -
Pile |Load | r Py(I,~I) Pil,—1) | Pi(I,—1,) P I, | P,
No. | P H, H, —_ | H, H, H,
? L —_— I, I E;, 1, E,. Ey I, E,, E,/
(tons) L L L L L
(in.2) (in.2) | (in.?)
1 80 0.28 1 0.58 1.2 0.51 3.1 1.2 0.51 2 0.285 80.7 115.2 2 0.285 2.1 2.6
2 80 0.20 1 0.68 1.2 0.56 5.4 1.2 0.56 2 0.285 98.5 140.8 2 0.285 2.1 2.6
3 80 0 1 1.63 1.2 0.72 40.8 1.2 0.72 2 0.295( 1523 217.5 2 0.295 2.1 2.6
Settlement of each layer = 4 x (settlement due to pile 1 4 settlement due to pile 2) + settlement due to pile 3.
Immediate settlement of layers 2, 3 and 4 = . {4 X (3.1 +5.4) + 40.8 + 4(80.7 + 98.5) + 152.3 4 4(2.1 + 2.1} + 2.1] =3211in.
X
Total final settlement of layers 2 to 4 = = x1o [4 X (3.1 +5.4) +40.8 + 4(115.2 + 140.8) + 217.5 + 4(2.6 + 2.6} + 2.6] = 4.46 in.
X

Immediate settlement = 0.16 -+ 321”7 = 3,37 in.
Total final settlement = 0.16 - 4.46” = 4,62 in.
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are equally-loaded and ignoring the correct non-uniform load distribution
within the group. The replacement of the pile group by an equivalent
single pier has been shown to lead to an estimate of the displacement which
is quite adequate for practical purposes. Such a procedure appears to be
most convenient when considering displacements due to a group containing
a large number of piles.
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A Study of the Settlement Characteristics of the Soil Deposits at
Kingsford-Smith Airport, Sydney

By I. K. Lgg, B.C.E., M.EnG.Sc., Pu.D., M.L.E.AusT., E. H. Davis, B.Sc., F.I.E.AUSsT.,
B. Ropway, B.E., M.ENG.Sc., M.I.LE.AusT. and R. MALLAM, B.E., M.ENG.ScC., M.I.LE.AUST. *

Summary.—The paper describes the geotechnical studies carried out
to establish the origin and rate of settlement of the soil deposits at Kings-
ford-Smith Airport, Mascot, Sydney.

Settlements were predominantly due to compression of a highly

compressible (I, ~ 1) silt-clay of low permeability. This soil occurred
in layers up to 25 ft. thick.

A comparison of the theoretical settlement (based on the actual loading
history) with measured settlements at times when the consolidation was
only partially completed, showed excellent agreement provided the coeffi-
cient of consolidation was recorded on samples with a drainage path in
excess of the drainage path of conventional samples. The typical com-
parative values were 15 X 10~2 sq. ft./day and 5 X 10—3 sq. ft./day,
respectively. - .ﬁ,

It was considered that the post-construction settlements could be
confidently predicted.

1.—INTRODUCTION

- As part of the design studies of the pavements and structures in the
vicinity of the New International Terminal, Kingsford-Smith Airport,
Sydney, a geotechnical investigation was made of the soils in the north-
western area of the airport. The primary purpose of these studies was to
predict the total settlement and the rate of settlement of the soils in the
period following construction of the pavements.

The north-western section of the airport was originally a shallow
swamp. [There was no development in this area until the late 1940’s
so that prior to initial filling operations, which commenced in 1961, the
land level was a few feet below sea level with a few grassed areas just above
the water level. The Cooks River partially enclosed the site of the Inter-
national Terminal, and there is evidence to suggest that it had meandered
over the surrounding areas in Recent times. .

In 1947, work commenced on new runways and filling of sections of
the Cooks River was commenced. The diversion channel for the river
was under construction. Fill for the operations was sand obtained by dredg-
ing of Botany Bay. The Cooks River east of the terminal had been filled
by 1954 and some limited filling adjacent to the banks of the river had also
been completed.

In 1961, filling of the terminal area was commenced and continued
until 1964. Flyash from Bunnerong Power Station was used to fill part
of the river south-east of the terminal and in the proposed car parking area.
The flyash was removed from the latter area in 1966 and the whole site
filled and surcharged with sand late in 1966.

Fig. 1 shows the location of the terminal relative to the runways and
existing development. Fig. 2 was taken in 1948 when filling of Cooks River
had commenced, and Fig. 3 shows the progress in 1953. The diversion
canal was completed (marked as (1) in the photograph), filling of the river
adjacent to the north-south runway was well advanced (2), construction of
the East-West runway and taxiways was completed (3) and filling of the
river was partially completed in the area of the East-West runway (4).
Fig. 4 was taken in 1963 when portion of the river had been filled with
flyash (1), and filling of the proposed car park had commenced (2).

Investigations by the Commonwealth Department of Works had estab-
lished that relatively large settlements due to filling and pavement loadings
were likely, and the decision was made to surcharge the area to reduce the
settlement in the post-construction period.

The fill and surcharge, which was pumped from Botany Bay had an
in-situ dry density of 97-100 Ib./cu. ft. The maximum dry density 1s
115 1b. /cu. ft. (Kolbuszewski, Ref. 12). There was no mechanical compac-
tion of the fill.

The subsequent investigations discussed in this paper were aimed at
establishing the magnitude of the settlements from the time filling operations
commenced in 1961 to 20-25 years after construction of the pavements
were completed.

From aerial photographs and levelling data it was possible to recon-
struct the loading history at selected points in the terminal area. The likely
accuracy of the calculated levels of the surface was considered to be £ 6 n.

*Paper—No. 2876, submitted by the authors on 29th October, 1969.

The authors are, respectively, Professor Lee, School of Civil Engineering, The Uni-
versity of New South Wales; Professor Davis, Professor of Civil Engineering (Soil Mech-
anics), The University of Sydney; Messrs. Rodway and Mallem, Engineers with the
Commonwealth Department of Works.

Five sites were analysed in detail. At each site the soil was continuously
sampled over the full depth of the deposits thus providing a complete
undisturbed profile of the soils. Piezometers were installed with the
object of recording the magnitude of the excess pore water pressures at
the time of the investigation (1967) and to provide data for calculating the
field coefficient of consolidation. Settlements at each selected site had been
recorded since filling and surcharging so that a comparison of predicted and
measured settlements was possible.

2.—FIELD INVESTIGATIONS

Preliminary investigations had shown that the soil profile was ex-
tremely variable, and this fact established the need for continuous sampling
over the full depth of the soil deposit. This was achieved by pushing
3-in. internal dia. by 24-in. long thin-walled sampling tubes into the soil
a distance of 18 in., withdrawing the tube, pushing the casing to the level
reached by the end of the sampling tube, and repeating the procedure.
The usual technique was to use 8-1n. dia. casing driven into the less per-
meable layers to a depth sufficient to seal off the hole from the more per-
meable layers. Six-in. dia. casing was then used to complete the hole.
At all stages the water level in the bore hole was maintained a few feet
above the observed water table to eliminate the possibility of severe hydraulic
gradients in the soil immediately beneath the level of the casing tip. Dia-
mond drilling was used to drill into the shale and sandstone which forms
the bedrock 1n the area.

Sample recovery was generally extremely good, and there were no visual
signs or laboratory evidence of significant sample disturbance.

At the time of the field investigations, a theoretical analysis of the rate
of settlement, predicted relatively large excess pore-water pressures in the
less permeable (organic silt-clay) deposits. In order to register these
pressures a series of piezometers were installed. A total of 19 piezometers
were located in the vicinity of the terminal. After installation of the tips.
the bore holes were sealed by AM9 chemical grout and bentonite.

The effectiveness of the sealing along the borehole of some of the
piezometers became suspect when the readings were not consistent during
installation. The reliability of the chemical grout appeared to be doubtful
as the setting time varied considerably and, on some occasions, no set took

place. _
In an investigation to establish whether a group of piezometers in-

stalled in one borehole were functioning properly, a field test was carried
out by placing 5 ft. of surcharge over a circular area 200 ft. in diameter
with the piezometers centrally placed relative to the surcharge area. At
this particular site there was an organic silt-clay layer 22 ft. thick. Seven
piezometers had been installed in this layer. The theoretical increase in
pore-water pressure in the layer due to the extra surcharge was 10 ft. of
water, whereas measured values were within the range of 4 to 10.5 ft. of
water.

On the basis of this test, and an overall analysis of the piezometers, 1t
became evident that the recorded pore-water pressures were less than the
actual values due to ineffective sealing along the borehole. This was
unfortunate as one of the purposes of the installation was to provide a
further check on the predicted rate of settlement by calculating the field
value of the coefficient of consolidation from the finite difference form of
the one-dimensional consolidation equation and measured pore-water
pressures over a period of 6 to 12 months.

However, there were two major conclusions which were drawn from
the piezometer data:—

(a) There were large excess pore-water pressures 1n the organic silt-
clay deposits in the northern area of the terminal site.

() The sand layers which occurred between the relatively imper-
meable clay deposits were of sufficient extent and adequate per-
meability to be regarded as drainage layers.

The water level observed in open boreholes in the terminal area was
RL 7.0 ft., whereas the water level in the bedrock was at sea level. A
perched water table was initially developed during the hydraulic filling, and
it was evident that some excess water pressure still remained at the time
of the investigation due to the slow rate of flow through the underlying
silt and clay layers.
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Fig. 3.—Cooks River on 23rd Jumne, 1953,

1. Diversion Channel of Cooks River completed.

2. Filling of old river adjacent to North-South runway well under way.
3. Construction of East-West runway and taxiways completed.

4. Filling of old river almost complete in area of East-West runway.

Fig. 1.—Location of International Terminal Area.

20

Fig. 2.—Cooks River on 8th March, 1948.

1. Work has coramenced on the filling in of Cooks River. Fig. 4.—Cooks River on 10th November, 1963.
2. Filling has also commenced on the filling in of the ponding area. 1. Portion of old river filled with flyash. .
3. More sand fill is being placed adjacent to the old runway. 2. Flyash spreading out over car parking area for new terminal.
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3.—GEOTECHNICAL PROPERTIES OF SOIL DEPOSITS

The soil profile in the airport area is quite typical of many of the
deposits in bay areas near Sydney. It is also very similar to other deposits
in coastal regions (Roberts and Darragh, Ref. 8). There is generally a
layer or lens of a highly compressible organic silt-clay of a total thickness
varying up to 25 ft. Beneath this layer there are commonly variable sand
or sandy clay layers of limited thickness overlying a relatively stiff inorganic
clay. The bedrock in the area is the Sydney sandstone. The total depth
of soils is generally of the order of 80 to 120 ft. Fig. 5 shows contours of
the rock surface. It will be noted that the course of Cooks River was not

controlled by the profile of the bedrock surface.
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Fig. 5.—Contours of Bedrock—International Terminal Area.

The origin of the stiff inorganic clay is unknown although there is the
probability that it is the result of the degradation of shale. The shale occurs
in isolated areas immediately overlying the bedrock. There are fine well
defined bedding planes in some sections of the clay but these are not con-
sistent throughout the deposit. The clay is generally light grey in colour
in the fresh state.

In some areas there are two distinct layers of the inorganic clay with a
sand layer between the clay layers. Such a sand layer was found to vary in
thickness from a few inches to 13 ft. and piezometric measurements estab-
lished that it was of sufficient lateral extent to be regarded as a drainage
layer. The in-situ bulk density was 130 Ib. Jeu. ft. with S.P.T. values

of 10 to 30.
The upper inorganic clay layer, when it was present, had engineering

propertges essentially identical with the lower inorganic clay layer. Typical
properties are given in Table 1.

From the point of view of long term settlement, the highly compres-
sible, relatively impermeable organic silt-clays were of greatest significance.
This clay is a normally consolidated deposit up to 25 ft. thick occurring in
lenses of large lateral extent. There is some evidence to show that some
of the deposition occurred during the meandering of Cooks River. Some
deep local lenses appear to be the result of mud slides into holes made by
dredging of Cooks River.

TABLE 1

Geotechnical Properties of Inorganic Clay

Property Value
Water Content 209,
Buik Density 130 Ib./cu. ft.
Liquid Limit 45-609,
Plasticity Index 25-35%,

Undrained Shear Strength

Compression Index (compression)

Compression Index (rebound)

Vertical Coefficient of Consolidation (oedometer)

> 1500 Ib./sq. ft.
0.080

0.015
50 x 10-%sq. ft./day

There are numerous fibrous plant roots throughout the deposit at
spacings varying from 0.1 in. to several inches. Shells, typically § to 1%
inches in size, are frequent in layers but are not uniformly dispersed over
the whole deposit. Samples for oedometer testing using the conventional
3-in. and 1.35 in. dia. rings were necessarily taken from zones free of large
shells and roots and are thus more representative of the more impermeable
layers, and as shown in this paper do not give a good measure of the field
value of the coefficient of consolidation of the whole deposit. Such samples
are referred to as “ clear > samples.

The deposit is anisotropic with respect to permeability. Values of
vertical permeability were found to be as low as 10-% ft./min. The hori-
zontal permeability appears to be an order higher than this although still
very low by comparison with many clay soils. The ratio of horizontal to
vertical coefficient of consolidation C,/C, recorded in a K, test (Ref. 5)
was twelve to one. Similarly, comparative oedometer tests on samples
normally prepared, and prepared by cutting a sample so that the load was
applied in the direction of the layers instead of normal to the layer direction
(termed a pseudo-radial consolidation test), showed an anisotropy with
respect to values of compression index and coefficient of consolidation.
It should be recognized, however, that the pseudo-radial consolidation test
does not give the value of C,, directly but gives a coefficient of consolidation
associated with compression in the direction of layers say, C,,. To estab-
lish the value of C, from such tests it would be necessary to correct for the
anisotropy of the coefficient of volume decrease. Thus if m,, is the coeffi-
cient of volume decrease with the consolidation pressure applied in a
direction at right angles to the bedding planes, and m,, is the coefficient
of volume decrease with the consolidation pressure applied in the direction
of the bedding planes, then

Cy,=Cyy. (mhv/mw)-

In the present investigation C, was measured in the K, test, but the
radial oedometer (Ref. 10) would be also eminently suitable. The latter
has the advantage that large diameter samples can be tested.

The anisotropy is reflected on a macro-scale by layering and lamina-
tions. The degree and type of layering is extremely variable and often
cannot be observed unless the soil samples are broken open and observed
continually as the soil dries out (Ref. 9).

The organic silt-clay is readily distinguishable from the other soils
in the area provided undisturbed samples are examined. The charac-
teristic features are the dark colour, occasional presence of shells and fibrous
roots, the slight organic odour, obviously low strength, and virtual loss of
strength on remoulding. More specifically, typical properties in the
terminal area are listed in Table II.

The oedometer results for the organic silt-clay were found to be con-
sistent from borehole to borehole provided the soil was systematically
identified. It was found that there were regions north of the terminal
area where the compression index of the organic silty clay varied between
1 and 2 with a typical value of 1.5. Values of ¢, were similar to those listed
in Table II, although there was a greater scatter in measured values.

Fig. 6 shows contours of equal thickness of the organic silt-clay in
the vicinity of the terminal. :

Acceleration of the rate of settlement of this type of soil can be effected
by electro-osmosis (Ref. 2) provided the voltage gradient required to produce
a practical discharge does not involve excessive current. A saline environ-
ment of the type at Mascot increases the conductivity of the soil-water
combination compared with a fresh water environment and the process
finally proved to be rather uneconomical for this reason.
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TABLE 11
Geotechnical Properties of Organic Silt-Clay

Property Value
Organic Content 129,
Water Content 70-90%,
Bulk Density 100-105 1b./cu. ft.
Liquid Limit 80-1009%,
Plastic Index 40-609%,
Linear Shrinkage 209%
Clay Fraction 10-309,

Activity 2-6
Undrained Shear Strength 500-1,000 Ib./sq. ft.
Compression Index (compression) 0.8-1.0
Compression Index (rebound)

Vertical Coefficient Consolidation (oedometer)
Vertical Coeflicient Consolidation (K, test)

0.2
4-5 x 10-3sq. ft./day
15 x 10-3 sq. ft./day

Values of the coefficient of osmotic permeability £, were found from
laboratory tests to be 1.4 x 10~% sq. cm. /sec. volt using the soil water from
the site. For voltage gradients up to 0.6 volts/cm. there was an essentially
linear relationship between discharge and voltage gradient, but the value
of k, was slightly dependent on voltage gradient in excess of this range and

th 6.—Contours of Equal Thickness of Silt-Clay.

was therefore not a unique constant as originally suggested by Casagrande
(Ref. 3). The specific soil resistance was 80 to 140 ohm-cm. which can be
compared with 4,000-5,000 ohm-cm. in a distilled water environment.

One particular aspect of laboratory investigations into the electro-
osmotic properties worthy of further consideration involves a scale effect.
In the usual test the assumption is made that the voltage gradient is uni-
form over the length of the sample, whereas measurements have indicated
that there is a sharp gradient in the region of the anode. This is illustrated
in Fig. 7 which shows the voltage distribution along the length of a samyple
immediately the electro-osmotic process was commenced. It is evident
that the average gradient differs quite significantly from the local gradient
so that the size of the sample will influence the recorded value of &, and
the discharge-time relationships.
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Fig. 1.—Potential Distribution over Length of Sample Undergoing Electro-
Osmotic Drainage.

It has been observed that there is a severe drying out of the soil in the
immediate vicinity of the anode. This would appear to be due to the
relatively large potential gradient in this region. The non-uniform poten-
tial gradient may also prove to be the reason for the difference between the
conclusion made by Casagrande regarding the constancy of &, , and the ob-
servations made in the present investigations and by Bjerrum (Ref. 2)
that 2, was dependent on the voltage gradient.

4.—SETTLEMENTS IN THI;I{II;I;I\'ERNATIONAL TERMINAL

4.1 Nature of the Settlements :

From a knowledge of the loading history, the soil profile and the con-
solidation properties of the individual soil layers it was possible to predict
by a finite-difference approach the settlement contributed by each soil
layer from the time initial filling commenced in 1961.

The calculations were based on the assumption that the soils were
completely consolidated under the overburden existing prior to initial filling.
This appeared to be a reasonable assumption in view of the history of the
area. The assumption of a one-dimensional strain state was considered to
be justified in view of the fact that the lateral extent of the filling was large
compared with the total depth of the consolidating layers. This is, however,
a poor approximation in the areas where there was a change in surcharge
level and the general conclusions do not apply to such areas.

It was not necessary to take non-linear effects into account (Ref. 6)
as the typical loading increment ratio did not lead to predicted values which
differed from the traditional Terzaghi analysis by more than 59%. Simil-
arly, the anisotropic nature of the deposit was of little importance in the
one-dimensional calculations, and only became significant in the predic-
tion of settlement due to isolated loadings such as that due to aircraft
parking.

Detailed settlement calculations were made for five sites taking into
account the loading history of each site and the properties of the individual
layers.

It was evident that the smaller value of ¢, for the organic silt-clay
obtained by testing samples in the oedometer free of roots and shells repre-
sented the settlement properties of the least permeable layers within the
organic silt-clay deposit. The fact that the longer samples in the K,
test (3 in. compared with oedometer thickness of -3 in.) showed a ¢,
value three times the oedometer value (see Table II) suggested that the
inclusions had a significant effect on the rate of settlement, and that the
¢, value measured using the longer sample, with inclusions, was more
representative of the field value. A comparison of measured and predicted
settlement rates showed that this was the case and the results of the com-
parison can now be discussed in more detail.

Fig. 8 shows the profile and loading history of one of the typical sites
(designated S1) where the organic silt-clay was 23 ft. 6 in. thick. After
filling and surcharging the organic silt-clay was overlain by 33 ft. 6 in.
of sand. The inorganic clay occurred as a thin deposit 5 ft. below the
organic silt-clay and as a 17 ft. thick deposit at a lower level. There was a
thin layer of weathered shale overlying the sandstone.

For the purposes of calculation it was assumed that surcharge was
removed and pavements constructed in mid-1968. These calculations
showed that the total settlement at any time can be considered to be com-
posed of the very long term settlements due to consolidation of the organic
silt-clay, the relatively rapid settlement of the deep inorganic clay layers
and the very rapid settlement of sand, sandy clay, and thin clay layers.
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Depth Reduced
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Fig. 8.—Profile of Site S1—Loading History.

By mid-1968 the settlement of the organic silt-clay was, theoretically,
35% complete. The calculated consolidation settlement during the sur-
charge period was 1.03 ft., 0.84 ft. being due to compression of the organic
silt-clay layer and 0.19 ft. due to compression of the other layers. Further-
more, the surcharging had resulted in very rapid consolidation of the latter
layers thus eliminating post-construction settlements due to compression
of such layers.

The nature of the settlements in areas where there was a thin deposit
of the organic silt-clay may be contrasted with an area typified by Si.
At a site designated as S8 the organic silt-clay was only 4 ft. 6 in. thick
whereas the stiff inorganic clay was a continuous deposit 41 ft. 6 in. thick.
Only 479%, of the total final settlement of the inorganic clay was completed
in the surcharge period. However, the magnitude of the total final settle-
ment is an order less than that in the areas typified by S1.

A comparison of predicted and measured settlements from the com-
mencement of filling to the dates listed is shown in Table 1II for the five
sites.

TABLE IIX
Comparison of Predicted and Measured Settlements (ft.)
May, 1967 Aug., 1967 May, 1968 Total Final
Area - Settlement if
Pred. | Meas. | Pred. | Meas. | Pred. [ Meas. Surcharge
Remained
S1 0.57 | 0.70 | 0.65 | 0.80 | 0.80 — 1.7
S2 0.75 | 0.60 | 0.82 — 1.03 — 2.0
S4 0.20 | 0.30 | 0.25 — 0.29 — 0.5
S6 1.12 [ 0.80 | 1.27 | 1.10 | 1.46 — 1.8
S8 072 | 055 | 0.76 | 0.60 | 0.84 — 0.9

The predicted values were based on the ¢, values obtained in the K,
test and showed that these values were more representative than the smaller
values of the conventional oedometer tests. Fig. 9 shows the measured
settlement contours with the calculated values superimposed.

Fig. 9.—Settlement Contours (August, 1967).

Up to the proposed time of surcharge removal (May, 1968) the con-
solidation was only partially completed, so that a comparison of predicted
and measured settlements is a severe test on both the total settlement and
rate calculations. For the purpose of establishing the degree of consolida-
tion, the total final settlement is quoted in Table III as if the surcharge was
maintained for infinite time. The theoretical degree of consolidation at
May, 1967, varied between 349, (S1) and 809%, (S8).

The agreement between predicted and measured values was con-
sidered to be consistent evidence of the validity of the settlement analysis,
and justified the extension of the analysis to the prediction of settlements
in the post-construction period, that is, in the period subsequent to sur-
charge removal and construction of the pavement.

4.2 Post-Construction Settlements :

The general effect of surcharging where there was a substantial deposit
of the organic silt-clay, was to eliminate post-construction settlements due
to compression of layers other than the organic silt-clay layer.

If pavement construction had proceeded immediately after filling, the
typical long-term settlement in an arca where the organic silt-clay layer
was 10 to 15 ft. thick was calculated to be of the order of 18 in. This value
can be compared with the post-construction settlements quoted in Tables IV
and V which apply to construction of the pavement preceded by two years
of filling and surcharging.

TABLE IV

Calculated Post-Construction Settlements (ft.)
(10 ft. of Organic Silt-Clay)

Time Filled Filled Filled
after Pavement Only Plus 6 ft. Plus 10 ft.
Construction (5 ft. Fill) Surcharge Surcharge *
2 years 0.12 0.01 —0.02
5 years 0.17 0.01 —0.03
10 years 0.18 0.01 —0.05
Total Final Settlement 0.18 0.01 —0.03

*Negative sign means a heave.

Filling alone to the final construction level leads to the post-construc-~
tion settlements being restricted to compression of the organic silt-clay.
The long-term post-construction settlement contributed by 10 to 15 ft.
of organic silt-clay was of the order of 3 to 7 in. Surcharging to a height
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TABLE V BORE HOLE S1
Calculated Post-Construction Settlements (ft.) Settie- [Time from Junc. 1968
(20 ft. of Organic Silt-Clay) ment :
_5;21 O] 1yr2yrs  Byrs 10yrs 20yrs.
Time after Filled Filled Filled 02| K]
Pavement Only Plus 6 ft. Plus 10 ft. [T~ o5 X107
Construction (5 fr. Fill) Surcharge Surcharge 0-4 o~ o [ day
06| \\ cy =15x10_3 ft?/day Total

2 years 0.21 0.15 0.16 o8 —r__ Settlement

0.42 — i
5 years 0.32 0.25 1- O Nofte :}all post -onstruction s¢ttiement is due to orqanic sii.
10 years 0.61 0.44 0.34

Total Final Settlement 0.82 0.56 0.44

. RE H
of 6 ft. above final construction level decreased the long-term post-construc- (a) BORE HOLE S2

tion settlement to the range 1 to 6 in., that is, the general effect of the sur-
charge was a further settlement reduction of 2 in.

Sdtr'x%- Time from June. 1968
mel

The calculations predict that if the pavement had been constructed Feat Q| 1yr2yrs  5yrs 10yrs 20yrs
immediately after filling (no surcharge) the predicted consolidation settle- 02
ment would have been 12 in., ten years later. In contrast the calculations A\ :
predict 3 to 5 in. if pavement construction was delayed 2 years and 1 to S 1N N
4 in. if, in addition, the area was surcharged for these two years. 06 \\Qotz:AH post-congtruction settlement is due to grganic siit.
The calculations also established that there was no significant reduc- N

tion in post-construction settlements by maintaining the fill and surcharge 08 A Semxx‘nnt
for a period in excess of 18 months to 2 years, so that it was not necessary 1-0 \'—‘_‘—— T e ———y
to delay construction of pavements in areas filled in 1966.

A further important conclusion is that the reduction in post-construc- 12 Total
tion settlement by increasing the height of surcharge from 6 to say, 10 ft., 1-4 \ Settiement
is relatively small. For example, referring to Table V the decrease in
settlement for 10 years following construction is seen to be 0.10 ft. (b) BORE HOLE S8

In areas where post-construction settlements are primarily due to
compression of the deep seated clay layers surcharging has little practical Settle- | Time from June 1968
effect due to the reduced order of magnitude of these settlements compared :,,5:110 T ours  Syrs 10yrs 20yrs

with areas of thick layers of the organic silty clay.

From the preceding discussion it is evident that large long term settle- g
ments in previously surcharged areas will be primarily due to compression 8'.
of the organic silt-clay layer. Thus the future settlements of pavement
areas can generally be satisfactorily predicted by a consideration of the
organic silt-clay layers alone, and making a small allowance for compression
of other layers where the thickness of the organic silt-clay is less than,
say, 10 ft. From the layer thickness, either from Fig. 6 or in-situ drilling,
and using a coefficient of consolidation of 15 x 10-3 sq. ft./day and a
compression index of 1.0, the post-construction settlements can be pre-
dicted with sufficient accuracy for most purposes. This does, however,
necessitate a consideration of the loading history from commencement of (¢c)
filling (1966) and usually the use of a finite-difference technique to provide . . . . . .

a sufficiently flexible analysis for any particular loading history.p Such Fig. 10.—Predicted Post-Construction ASettlement-sze Relationships  of
an analysis led to the post-construction settlements quoted in Tables IV Pavement Area.
and V. This approach will be termed the ¢ simplified analysis >.

Fig. 10 shows the predicted settlements obtained by a detailed finite-
difference analysis of the deposits which took into account the loading o
history prior to 1966, and the contributions to settlement by each layer.
Two theoretical settlement time curves are shown. The dotted lines corre-
spond to a ¢, of 15 x 10-3? sq. ft./day and the full lines correspond to the
¢, value obtained with the small ““ clear ” samples (5 x 10-2 sq. ft./day).

A comparison shows the influence of the accuracy of the coefficient of
consolidation on the predicted results. It will be noted in Fig. 10 (a) (feet)
that the total final post-construction settlement for the more realistic field 2
value (15 x 10~3 sq. ft./day) is relatively reduced because of the greater
settlement during the surcharge period.

The post-construction settlements of Fig. 10 are similar to the values
obtained by considering the silt-clay alone (Tables IV and V). For example, \
for Site S1 the calculated post-construction settlement after 5 years is 0.43
(Fig. 10 (a)) compared with 0.42 by the approximate method (Table V).

At other sites the agreement was within 0.10 ft.

In one area it was necessary to consider the simultaneous consolidation o
of two contiguous layers of significantly different consolidation properties.
This problem was solved by a finite difference approach and is detailed

\%.t%",’___//"/ -t
elsewhere (Ref. 4). It was found possible to present the settlement-time setvement | NN /\::::::
behaviour of such a two-layer system in a form which can be used directly NN

O
1 Totdl Settlement

z

te: No mmejor layer of grganic silt is present in this |bore hole.

— T 1T
Sett

ement due to medium clay, sandy clay, I

' gl

minor organic lenses

Settlement
at 6

M Bullding constructed

(teet) N
- . . - . N
in analysis, but for more than two layers a finite difference solution may s Y ogs2
have to be carried out for each individual case. \

4.3 Settlements Due to Surface Loadings: s
Two further loading cases were considered in detail. As a possible L_ Length of Concourse . __l

foundation system for the passenger concourse a raft foundation 40 ft.

wide superimposing a gross pressure of 0.5 tons/sq. ft. was considered. Fig. 11.—Predicted Post-Construction Settlement-Time Relationships of

For the purpose of illustrating the relative magnitude of the extra settle- Concourse.
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ment due to filling and surcharging, two major settlement-time curves
are plotted in Fig. 11. Curve A is the consolidation settlement without
concourse loading and Curve B includes the extra settlement which would
occur if the concourse was placed on a raft foundation. The extra settlement
five years after construction was found to be of the order of 7 in. increasing
to approximately 11 in. ten years after construction. Of greater importance
is that the settlements would not be uniform and the concourse structure
would be subjected to rather severe differential settlements unless provision
was made to compensate for the local settlements by jacking of the structure
as the foundation settled.

The second type of surface loading considered was that due to parked
aircraft. Taking into account the likely percentage of the total time air-
craft were parked in the area adjacent to the terminal, the total final settle-
ment was found to be 0.32 ft. for the Boeing 747 aircraft. Some creep
settlement was predicted so that the total settlement after ten years could
increase to 0.45 ft., being composed of 0.25 ft. of creep settlement. How-
ever, at the present time, the creep behaviour is not completely understood
and the figure of 0.25 ft. can only be regarded as a first estimate of the
creep settlement.

A further aspect of settlement considered in relation to the aircraft
was the possibility of further compaction of the cohesionless fill by dynamic
engine forces transmitted to the ground. Further compaction of such
soils is primarily controlled by the maximum acceleration of the imposed
vibrations (Refs. 1 and 7). From a study of the maximum acceleration
of the out-of-balance forces and the likely damping due to wings and under
carriage movement it appeared that the existing density was sufficiently high
1o obviate further settlement, and special deep seated compaction was con~
sidered unnecessary.

5.—~CONCLUSIONS

The comparison of predicted and measured settlements clearly estab-
lished that the long-term settlements are primarily due to compression of
the organic silt-clay which occurs in deposits of varying lateral extent and
of thickness up to 25 ft.
thin (less than 5 ft.) compression of the underlying stiffer inorganic clays
will be the primary source of long term settlements although the total
final settlement is likely to be an order less than in areas where the organic
silt-clay is 20-25 ft. thick.

Filling and surcharging for a two-year period virtually eliminates post-
construction settlements due to compression of layers other than the organic
silt-clay. In areas where the organic sili-clay is 20 ft. thick, filling im-
mediately followed by construction would have lead to a predicted post-
construction total final settlement of the order of 18 in. compared with 10
in. for a 5 ft. fill mainrained for 2 years prior to construction and 7 in. for
fill plus 6 ft. of surcharge maintained for 2 years prior to construction.

The time rate of settlement was most closely predicted by use of the
coefficient of consolidation obtained in a K, test. This was due to the fact
that the longer samples used in the K, test were more representative of
the average field element than the thinner *‘ clear ” samples used in the
oedometer tests. The use of larger than normal samples has also been
advocated by Rowe (Ref. 11) where there is a scale effect.

Where the organic silt-clay deposits are relatively -

Although the organic silt-clay could be consolidated in limited regions
by electro-osmosis, the conductivity of the soil-water system is too high to
make the process an economically feasible procedure.
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